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Abstract 

In this paper we calculate the tree level three-point functions of Vasiliev's 
higher spin gauge theory in AdS^ and find agreement with the correlators of the 
free field theory of N massless scalars in three dimensions in the 0{N) singlet 
sector. This provides substantial evidence that Vasiliev theory is dual to the 
free field theory, thus verifying a conjecture of Klebanov and Polyakov. We also 
find agreement with the critical 0{N) vector model, when the bulk scalar field 
is subject to the alternative boundary condition such that its dual operator has 
classical dimension 2. 
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1 Introduction and Summary of Results 



The AdS / CFT correspondence [H [21 13] has led to marvelous insights in quantum gravity 
and large gauge theories. Most progress has been made (see [1] and references 
therein) relating weakly coupled gravity or string theories in AdS spaces of large radii 
to strongly coupled gauge theories. On the other hand, a weakly coupled large 
gauge theory is expected to be dual to a weakly coupled string theory in AdS space 
of small radius compared to the string length scale (see for instance 13 [6l O El 13 HOl 
[TTl [T2l [T3l [T¥t IT5]). In practice, while it is straightforward to understand a large A^ 
gauge theory at weak 't Hooft coupling perturbatively, the string theory side involves a 
strongly coupled sigma model in the worldsheet description. It is difficult in general to 
understand the string spectrum in the small radius limit, let alone the full string field 
theory in AdS. In general, one expects the free limit of the boundary gauge theory 
to be dual to a higher spin gauge theory in the bulk. In this limit, the bulk strings 
become tensionless in AdS units [161 113 [IHl [El [SOl [21], and the string spectrum should 
contain a tower of higher spin gauge fields. 

A remarkable conjecture made by Klebanov and Polyakov [22], closely related to 
earlier ideas put forth in [51 [HI [221 [211 [251 [2S1 [2Z] and in particular [2H] , has provided the 
first example of a potential dual pair that involves a weakly coupled (possibly free) large 
A^ gauge theory on one side, and an explicitly known bulk theory on the other side. 
More precisely, the conjecture states that Vasiliev's minimal bosonic higher spin gauge 
theory in ^4^5*4 [SI [32l [33] , which contains gauge fields of all non-negative even integer 
spins, is dual to either the three-dimensional free field theory of A^ massless scalar fields, 
in its 0(A^)-singlet sector (we will refer to this as the "free 0{N) vector theory"), or 
the critical 0{N) vector model, depending on the choice of the boundary condition 
for the bulk scalar fieldQ The bulk theory contains one scalar field, of mass square 
= —2/R'^, R being the AdS radius. Depending on the choice of the boundary 
condition for this scalar, its dual operator has either dimension A = 1 or A = 2, 
classically. We will refer to them as A = 1 and A = 2 boundary conditions, respectively. 
The conjecture is that Vasiliev theory with A = 1 boundary condition is dual to the free 
0{N) vector theory, which contains a scalar operator of dimension 1, and the Vasiliev 
theory with A = 2 boundary condition is dual to the critical 0{N) vector model, the 
latter containing a scalar operator of classical dimension 2 (plus 1/A^ corrections). 

Thus far there has been little evidence for the conjecture of [22] beyond the N = oo 

^To be a bit more precise, the restriction to the 0(iV)-singlet sector in the dual boundary CFT 
should be implemented by gauging the 0{N) global symmetry, at zero coupling. In order to preserve 
conformal invariance, we can couple the scalars to 0{N) Chern-Simons gauge fields at level k, and 
take the limit fc — > cx). 
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limit, which involves free higher spin gauge theory in the bulk. The only nontrivial 
piece of evidence we are aware of that involves the detailed structure of Vasiliev theory 
has been the observation of [371 EH] that the cubic coupling of the scalar field in the 
bulk theory vanishes identically. This implies that, with the choice of A = 2 boundary 
condition, the three-point function of scalar operators in the leading expansion of 
the dual CFT vanishes. This is indeed the case for the critical 0{N) model, that is 
special to dimension 3 (and is not the case if one works in dimension 2 < d < 4 with 
d ^ 3). One may then be puzzled by the A = 1 case, where the dual CFT is expected 
to be the free 0{N) vector theory, in which the three-point function of scalar operators 
do not vanish. A potential resolution to this, analogous to the "extremal correlators" 

of mE 

is that the integration over the boundary-to-bulk propagators on AdS^ is 
divergent for the A = 1 scalar, hence even though the bulk interaction Lagrangian 
vanishes, a subtle regularization is needed to compute the three-point function. Such a 
regularization is not previously known in Vasiliev theory. It will be explained in section 
4 and section 6 of this paper, as a byproduct of our results on three-point functions 
involving more general spins. 

It has been shown in [27| that in a CFT with higher spin symmetry, if the OPEs of 
the conserved higher spin currents (or equivalently, the three-point functions) have the 
same structure as in a free massless scalar field theory, then all the n-point functions of 
the currents are determined by the higher spin symmetry up to finitely many constants 
for each n. It is however far from obvious, a priori, that the three point functions in 
Vasiliev theory are those of a free field CFT. One of the main goals of our paper is to 
establish this. 

In this paper, we will calculate tree level three-point functions of the scalar and 
higher spin currents of Vasiliev theory in AdS^. As we will review in section 2, this is 
highly nontrivial because, while Vasiliev's theory is formulated in terms of nonlinear 
equations of motion, there is no known Lagrangian from which these equations are 
derived (see for instance [10] and references therein for works on the Lagrangian ap- 
proach to higher spin gauge theories). Further, in Vasiliev's formalism, each physical 
degree of freedom is introduced along with infinitely many auxiliary fields, which are 
determined in terms of the physical fields recursively and nonlinearly. We will develop 
the tools for the computation of correlation functions in section 3 and 4. In particular, 
we will derive the relevant boundary-to-bulk propagators in terms of Vasiliev's master 
fields in section 3, and use the second order nonlinear fields in the perturbation theory 
to derive the three-point functions. In some cases, there are superficial divergences due 
to the nonlocal nature of Vasiliev theory, and suitable regularization in the bulk will 

^ The correlation function of the A = 1 scalar operator in the large N limit may also be understood 
in terms of the A = 2 case using the Legendre transform [29l |30l |42] . 
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be needed. 



More concretely, our strategy is as follows. For the three-point function of currents 
Jsi, Js2, Js3, of spin si, S2 and S3, we choose two of them to be sources on the boundary. 
We will first solve for the boundary-to-bulk propagators of the master fields sourced 
by the two currents, say J^i and Jg^- Then we will solve for the master fields at second 
order in perturbation theory, using Vasiliev's equations of motion. Finally, we examine 
the boundary expectation value of the spin-ss components of this second order field, 
and read off the coefficient of the three point function (J^^ Jsg). In fact, through this 
procedure, we can only determine the ratio 



with some a priori unknown normalization of Jg- In particular, the coupling constant 
of Vasiliev theory must be put in by hand at the end, which multiplies all three- 
point functions. The normalization of Js can be determined by comparing different 
computations of the same three-point function, grouping different pairs of currents as 
sources. 

Note that the spatial and polarization dependence of the three point function 
(Jsj^Jsi-Jsa) is constrained by conformal symmetry and the conservation of the cur- 
rents, to a linear combination of finitely many possible structures [36j Jf| All we need to 
calculate is the coefficients, as a function of the three spins. Our C(si, S2; S3) will be 
defined using (11.11) in the limit where the first two currents, Js^ and Jg^, approach one 
another. In other words, we will be computing the coefficient of J^a in the OPE of J^i 
with Js2- 

Throughout this paper, we will take our default boundary condition for the bulk 
scalar field to be the A = 1 boundary condition. This is because classically, the higher 
spin currents Jg have scaling dimension s + 1; with the choice of A = 1 boundary 
condition, the scalar field is treated on equal footing as the higher spin currents. The 
"standard" A = 2 will be considered separately. 

In section 4 and section 6.1, we will explicitly calculate C(si, S2; 0) and C(0, si; S2) 
for Si > S2. In our normalization convention, which will be explained in section 3 and 
4, we find 




C{si,S2]S3), 



(1.1) 




(1.2) 



and that 




(1.3) 



•^We thank J. Maldacena and I. Klebanov for discussions on this point. 
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This are in fact precisely consistent with taking two different hmits of the same three- 
point function of conserved higher spin currents, which by itself is a nontrivial consis- 
tency check on Vasiliev's equations. The results allow us to fix the relative normal- 
ization of Jsi and to determine the tree- level three-point functions of the normalized 
currents, involving one scalar operator and two general spin operators, as we show in 
section 6.1. Much more strikingly, we will find complete agreement with the corre- 
sponding three-point functions in the free 0{N) vector theory. We regard this as a 
substantial evidence for the duality between the two theories. 

In section 5, we study the same tree level correlators in Vasiliev theory, but with 
A = 2 boundary condition on the bulk scalar field. We will find that the three point 
function coefficient C{si, S2', 0) in the A = 2 case is in precise agreement with that of 
the critical 0{N) vector model, at the leading nontrivial order in the expansion. 

Let us emphasize that from the perspective of the bulk higher spin gauge theory, 
the computations of, say C(si,S2;0), C(0,si;s2) with si > S2, and C(0, Si;s2) with 
Si < S2, are very different. For instance, when the two spins coincide, C{s,s;0) is 
naively identically zero from the nonlinear equations of motion. However, our result 
for C(si,S2;0) with general Si ^ S2 suggests that the seeming vanishing of C(s, s;0) 
is an artifact due to the highly nonlocal and singular nature of Vasiliev theory, and 
in fact a proper way to regularize the computation is to start with different spins 
Si,S2, analytically continue in the result and take the limit S2 — ?■ Si. In section 6, 
we also attempt to calculate C(0,0;s), for s > 0. Somewhat unexpectedly, this in 
fact involves a qualitatively different computation than the cases mentioned above. 
Our result on C(0,0;s) appear to be inconsistent with the general properties of the 
three-point functions, and we beheve that this is because the computation is singular, 
similarly to the case of C(s, s; 0), where the spins of the two sources coincide. We hope 
to revisit this and the more general C{si, S2', S3) in the near future. 

The story has a few important loose ends. First of all, Vasiliev's minimal bosonic 
higher spin gauge theory, as a classical field theory in AdS4^, has an ambiguity in its 
interaction that involve quartic and higher order couplings |35]. This ambiguity is 
entirely captured by a single function of one complex variable. It does not affect our 
computation of tree level three point functions, but will affect higher point correlation 
functions as well as loop contributions. Presumably, this interaction ambiguity is 
uniquely determined by requiring that the bulk theory is dual to the free 0{N) vector 
theory. Further, it is conceivable that this is the only pure bosonic higher even-spin 
gauge theory that is consistent at the quantum level. 

Secondly, there is an important missing ingredient in the case of Vasiliev theory 
with A = 2 boundary condition, which is expected to be dual to the critical 0{N) 
vector model. While higher spin symmetries are symmetries of the 0{N) model in the 
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N = oo limit, and hence at tree level in 1/iV expansion, they are not exact symmetries 
of the theory at finite A^. The bulk Vasiliev theory, on the other hand, has exact higher 
spin gauge symmetry. One possibility is that at loop level, an effective Lagrangian is 
generated for the scalar field, such that the scalar field will condense in a new AdS^ 
vacuum, and spontaneously break the higher spin gauge symmetries (see [121 Si])- We 
will comment on these points in section 7, leaving the details to future works. 



2 General Structure of Vasiliev Theory 

In this section we shall review the construction of Vasiliev theory and set up the 
notations. Throughout this paper we will be considering the minimal bosonic higher 
spin gauge theory in AdS^, which contains one spin-s gauge field of each even spin 
s = 0, 2, 4, ■ ■ ■ . We will denote by = {x, z) the Poincare coordinates of AdS^, and 
write = 5?^ + z^, X = x^cr^, etc. Our spinor convention is as follows. 

= e°^M^, = u^ep^, ei2 = e'' = 1, (2.1) 

and the same for the dotted indices. When two spinor indexed matrices M and are 
multiplied, it is understood that the indices are contracted as M...°'Na.... TrM = Mq,". 
We define V^^ = V^^-, and hence = -\V^^af , ^.^K"^ = -Txiy^a^f = -2V^V^. 

Following Vasiliev we introduce the auxiliary variables ya,ya, Za, Za, where y and z 
are complex conjugates of y, z. When there is possible confusion, we shall distinguish 
Za from the Poincare radial coordinate by adding a hat, and write Za instead. While 
we will mostly be working with ordinary functions of y, y, z, z, in writing down the 
equations of motion of Vasiliev theory we need to define a star product, *, through 

f{y, z) * g{y, z) = j d^dhe'''^''- f{y + u, z + u)g{y + v,z-v), (2.2) 

where the integral is normalized such that /*! = /, and similarly for the conjugate 
variables y, z. The star product between functions of the unbarred variables and the 
barred variables is the same as the ordinary product. In particular, for y and |/, we 
have 

ya*yp = yayp + e^/?, 

(2.3) 

y^*f = y^f + e^^. 

whereas z and z have similar ^-contractions with opposite signs. Note that although 
Za and yp ^-commute, their ^-product is not the same as the ordinary product, i.e. the 
^-contraction between Za and yp is e^^ rather than zero. 
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It will be useful to define the Kleinian of the star algebra, K = e^"^", and K = e^"^". 
For convenience we will also define K{t) = e*^"^", and K{t) = e*^"^". They have the 
property under *-product 



fiy)*Kit) = fiil~t)y-tz)Kit), 

K{t)*f{y) = f{{l-t)y + tz)K{t), 

F{y, z) * Kit) = - t)y - tz, (1 - t)z - ty)K{t), 

K{t) * F{y, z) = - t)y + tz, (1 - t)z + ty)K{t). 



(2.4) 



In particular, K *-anti-commutes with ?/, z, K *-anti-commutes with and K*K = 
K*K =1. 

We are now ready to introduce the master fields, W = W^{x\y,y, z,z)dx^, S = 
Sa{x\y,y, z, z)dz°' + Sa{x\y,y, z, z)dz°', and B = B{x\y,y, z, z). Here dz°' and dz" 
behave as ordinary 1-forms under *-product. Our convention is slightly different from 
Vasiliev's in that we will be writing Za + Sa for Vasiliev's Sa, and similarly for Sa- We 
begin by presenting a fully covariant form of Vasiliev's equations of motion. To do this, 
we shall further define 
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j[ = W +{za + Sa)dz°' + (za + Sa)dz^ 
A = W + S^dz"" + S^dz", 

d = dr, + dz, d = dr,, (2.5) 

= B*K, ^ = B*K, 
e = Kdz^ + Kdf, R = KK. 

where dx is the exterior derivative in x^ and dz is the exterior derivative in {za,Za), 

dz'^ = dz^'dza, dz^ = dz°'dza- The equation of motion of Vasiliev theory can be written 

as 

dA + A*A = f^dz' + fmdz', 

^ = ^*R, [R, Wl = {R, S}, = 0. 

where / is a complex *-function of one variable, and A and \l/ are understood here as 
otherwise unconstrained fields, A being a 1-form in {x,z,z). For instance, ^ = * R 
is just a rewriting of the statement that both \I' and ^ are related to the real field B. 
(12. 6 p the admits gauge symmetry 

6A = de+[A,e], = de+[A,e]^, 
5^ = [^,e]*. 

With field redefinitions of 5* and one can put /(\&) in the form /(\&) = 1 + \& + 
ic\E' * \[' * \[' + ■ ■ ■ where c is a real constant and ■ ■ ■ are a remaining *-odd function in 
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The *-cubic and higher order terms in will not affect the computation of tree 
level three-point function, and may be ignored in most of this paper. We will comment 
on them later. It was observed in |39] that if one imposes parity invariance one can 
in fact fiji0 /(^I/) = 1 + We will work with this choice in this paper, and refer to 
it as the "minimal" Vasiliev theory [39j^ . In this case the equations of motion can be 
written simply a^ 

J^A = dA + A*A = B*e. (2.8) 

Note in particular it follows from fl2T8|) that dB * Q + [W, B * Q]^ = and [za + Sa,B* 
K]^, = 0. In terms of W, S, B, in a more digestable form, the equations are 

d^W + W*W = 0, 

dzW + d^S + {W, S}. = 0, 

dzS + S * S = B * Kdz^ + B * Kdz^, (2.9) 
d^B + W *B - B* ^{W) = 0, 
dzB + S * B - B *7i{S) =0. 



Here vr and vr is defined by 



6W = de+[W,e]„ 
5S = dze + [S, e]^,, 
SB = B*7i{e) -e*B, 



(2.11) 



7r(/(y, y, z, z, dz, dz)) = f{-y, y, -z, z, -dz, dz), 
7r(/(y, y, z, z, dz, dz)) = f{y, -y, z, -z, dz, -dz). 

Note that because of the constraints [W, i?]* = {S, i?}* = [B, i?]* = 0, n and vf in fact 
act the same way on W, S and B. The gauge symmetry is now written as 



for some e{x\y, y, z, z). 

Note that the overall coupling constant of Vasiliev theory is absent from the equa- 
tions, which will need to be put in by hand in computing correlation functions using 
the AdS/CFT dictionary. While one may verify the consistency of the equations of 

''We thank Per Sundell for pointing this out to us. 

^We may assume that the scalar is even under parity. If the scalar is taken to be parity odd, the 
resulting bulk theory was proposed to be dual to 3d free 0{N) fcrmions/critical Gross- Neveu model 

MM- 

^This form of the equation of motion may appear similar to the string field theory equation of the 
form QA + ^ * ^ = [3S]. However, due to the RHS of (|2.8I) . and the fact that B field transforms in 
the twisted adjoint representation with respect to the star algebra, we do not see an obvious way to 
cast the equation (|2.8I) in the form of a cubic string field theory equation with some BRST operator. 
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motion, we do not know the explicit form of the Lagrangian from which these equations 
can be derived. 



The AdSi vacuum is given by 

W = Wo, S = 0, B = 0. (2.12) 

where Wq = Uq +eo satisfies the equation dWo + Wq * Wq = 0. Here cjq and eo are the 
^^5*4 spin connection and vierbein written in terms of the *-noncommutative variables 
y and y, in Poincare coordinates, 



r 1 dx^ 

Co = T — dV y ■ 

4 z '^P 



(2.13) 



We will often use the notations 

dL = d + [uq, ■]*, 

Do = d+[Wo, -U (2-14) 
D^ = d + Wo* ■ - ■ *7iiW). 

Writing W = Wq + W, we can write the equations of motion in a perturbative form as 

DoW = -W*W, 

dzW + DoS = -{W,S},, 

dzS - B *e = -S * S, (2.15) 
DoB = -W * B + B *tt{W), 
dzB = -S * B + B *Ti{S). 

The linearized equations are simply obtained from f l2.15p by setting the RHS to zero. 
The strategy to solving the equations perturbations is as follows. First, using the last 
line of fl2.15p we solve for the z-dependence of B. Then using the third equation of 
f l2.15p we solve for the f-dependence of S in terms of B. One can always gauge away the 
;z-independent part of S. Using the second equation, one solves for the 5-dependence 
of W in terms of B. We shall write W = Q + W, where Q = W\^=i^o, and W contains 
the 5-dependent part of W. The first equation will now give a relation between fl and 
B, either one will contain all the physical degrees of freedom (except the scalar, which 
is only contained in B). Finally one can recover the equation of motion for the physical 
higher spin fields from either the fourth equation (which is often easier) or the first 
equation in f l2.15p . 

We will defer a discussion on the explicit relation between the linearized fields and 
the "physical" symmetric traceless s-tensor gauge fields to the next section, where we 
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will solve for the boundary-to-bulk propagator for the master fields both using the 
"conventional" symmetric traceless tensor field and directly using Vasiliev's equations 
for the master fields. For now, let us point out that that the physical degrees of freedom 
are entirely contained in W and B restricted to Za = Za = 0. In fact, writing the Taylor 
expansion 

oo 



n,m=0 



(2.16) 



-D 2=5=0 — / ^ R a y y y y ^ 

n,m=0 



the spin-s degrees of freedom are entirely contained in i n) Q^^j ^ ^ _ ]^^^ 

^{2s+m,m) Q{m,2s+m) > Q). In particular, will be the symmetric s- 

tensor field, and B^'^^'^\ related to up to s spacetime derivatives of f2'^''~^'*~^\ plays the 
role of the higher spin analog of Weyl curvature tensor. 



3 The Boundary-to-Bulk Propagator 

The goal of this section is to derive the boundary-to-bulk propagator for the Vasiliev 
master fields corresponding to a spin-s current in the boundary CFT. In the first 
subsection, we will derive the boundary-to-bulk propagator for a free higher spin gauge 
field described by a traceless symmetric tensor. We will then recover the same result 
in the linearized Vasiliev theory, while providing explicit formulae for the propagator 
of the master fields as well. 



3.1 The spin-s traceless symmetric tensor field 

Let us consider a traceless symmetric s-tensor gauge field ^^^...^^ in AdSd+i- The 
equation of motion is given by 

sis — l) 

-(□ - m^)(^/,,...^, + sV(;,,VVm2-ms)^ - 2{d + 2s - 3) ^(^i/^2'^''''^''''^^3-M.)'^i^2 = 0, 

(3.1) 

where m? = [s — 2){d + s — 3) — 2. This equation can be derived using the linearized 
form of Vasiliev's equation in AdSd+i for general d in the S'p(2)-invariant formalism 
[231 El] (see also [2Z])- In this paper we will not use this formalism. Instead we will 
directly recover the result of this section by starting with Vasiliev's master equations 
in AdSi in the next subsections. 
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Under the gauge condition = 0, (13 .ip simplifies to 



0. 



A solution to this equation has the boundary behavior as ^ — )■ 0, 

(Pi^...i^{x, z) z^, {6 + s){6 + s - d) - s = iv?. 



(3.2) 



(3.3) 



where the indices ik are along the boundary directions, running from to c? — 1. From 
this we read off the dimension of the dual operator, a spin-s current Ji^...i^, 



d 



A = d-5-s = - + \m'^ + s+ - 



d 



d-2 + s 



(3.4) 



This scaling dimension also follows from the conformal algebra under the assumption 
that Ji^.-.i^ is a conserved current and a primary operator. In particular, in a free scalar 
field theory in d dimensions, the currents of the form ■ ■ ■ di^(j) + ■ ■ ■ have dimension 
A = d-2 + s. 

Now let us study the boundary-to-bulk propagator for (p^^...^^. Using the traceless 
condition on ip, the gauge condition = can be written in Poincare 

coordinates explicitly as 

d-1. 



(3.5) 



where the index i is summed over 0, ■ ■ ■ ,d — 1, while fik runs through 0, 
The operator □ = V"Va acts on ip^^...^^ as 



, d. 



z'{d. + '-^±l)[d, + '-) + z^dA - s 

Z 2 



- 2szd(^f,,(pf,^...f,^), + s{s - 1)77( 

- s{d + 2s- 3)5^(/,iV5^2...^^);, + 2szdp6:,(f,^p>f,2...^^)p 



,2^9, + ' ^+^ )(g^ + f ) + z^dA - s 

z z 



- 2szd(^p,(pf,^...f,^), + s{s - l)'n{^p^i^2'^pz-p,)zz + s{d -2s + l)5,(^p^p>p^...p^),. 

(3.6) 

where in the second step we used the gauge condition. Now splitting the indices 
according to boundary and radial directions, (/xi ■ ■ ■ Hs) = {ii ■ ■ ■ irZ ■ ■ ■ z), < r < s, 
we have 

□^n-v.-. = + ''"^^^ m + -) + z'dA - 2{s - r)zd, 

I z z 

+ (s -r){d-s~r)-s] p>i^...irz-z - 2rzd(^i^(pi^...i^)^...^ + r{r - l)ri^i^i^ipi.^...i^)^. 

(3.7) 
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Define the generating function 



(3i 



witfi auxiliary variables Y^. We can express the equation of motion for ip in terms of 
the generating function $5 as 

z\d, + + ^) + z^dA - 2zY'd,dY^ + {d-2s + Y'dY^)Y'dY^ 

-s - 2zY^'d^dY^ + Y'^d^. - m^] 2-^$, = 0. 

Now we perform a Fourier transform on the variables (x, F^), into (p, f ), and write the 
Fourier transformed generating function as $<j(p, z\Y ,v). Then the equation of motion 
simplifies to 



{zd, + vd,f + {2s-d + 2){zd, + vd,) - {zp- vYf 
+s{s - d+l) + 1- d-m^] z'^^sip, z\Y, v) = 0. 



(3.10) 



In solving this equation, we must take into the traceless condition and the gauge 
condition, which are expressed in terms of $s as 



v{zd^ + l-d) + zp- dy z^'^s = 0, 

flS.lOp is essentially the Bessel equation, solved by 

= z'Ml^P- vY\)f{-, Y - -p,p) 

Z V 

for some arbitrary function /, where 



(3.11) 



'l(js{t)=t-2 



-s-1 



(3.12) 



(3.13) 



solves the equation 

[{tdtf + {2s-d + 2)tdt -t^ + s{s- d+l) + l- d-m^] ipsit) = 0. (3.14) 
To solve the gauge condition (first equation of fl3.1ip ). we may take / to be of the form 

/(-, Y - -p,p) = {-f-'F{Y - -p,p) (3.15) 

Z V Z V 
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Now we shall specializing to the case of AdS^, i.e. d = 3. Replace the variable v by 
u = v/z. Fourier transforming back, we can turn the integration over u into a contour 
integral around u = 0, and write the generating function for the spin-s field as 

^s = z'+^ f d^p (( ^e'P-'^+''''^'^siz\p - uY\)F(Y - ^,p) 
J J u 

= z'^' j rfVy"^e^^^-^^+^"^''^-V'.(^|j^)i^(-^,P + «^) (3.16) 



V? « ' + z"^ 

The traceless condition, i.e. second line of (13. lip , can be expressed as a condition on 

F{q,p), 

q- d,F ={s- 1)F, dlF = 0. (3.17) 
We can therefore write F as 

F{q.p) = WG{^.P) (3.18) 

and the generating function as 

*. - / . urm- (^)'" (3.19) 

The traceless condition now says G{q/\q\,p) is a (singular) spherical harmonic on S*^ 
with spin s — 1 (or for s = 0). 

Without loss of generality, we only need to consider the boundary-to-bulk propa- 
gator corresponding to a spin-s current contracted with a null polarization vector e. It 
turns out that the solution that gives the desired boundary behavior is 

is- 

G{q,p) = const X (3-20) 



and so 



2s 



{ie ■ dy 



+ z^ 



s+1 

(3.21) 



for some normalization constant A^^- Here \u= means to pick out the coefficient of in 
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a series expansion in u. Near the boundary z — >■ 0, z\Y) behaves as 



ir(s-i) 



7r2 ■ 



S\ 



~ 3T{s- 



In s 





3r(.-i)(25)! 



z'-'{e-Yy5%x) 



where we have dropped terms of the form 9" {x -Y)^ (^2T^) 



, s+1 



(3.22) 

which vanish at order 



near the boundary, s will be assumed to be an even integer from now on. By 
requiring the coefficient of z^~^{£ ■ YyS^{x) to be 1, the normahzation constant Ns is 
determined to be 

r(.-i)(2.)!- ^'-''^ 



It is sometimes convenient to work in light cone coordinates on the boundary x — 
x~,x±), with x^ — x'^x~ + x\ and e-d — 9+, i.e. — l,e~ — 0. We can then 
write the boundary-to-bulk propagator for $s simply as 



— I 



S\ 



2s 



d\_ \ x^x -\- x']_ + z"^ 
1 

x+x~ -\- z'^ 



5+1 



TV 



s!(x~)* x'^x~ -\- x\ + z'^ 



(3.24) 



^2s {x^Y^l)'' 



(s!)2(a;-)^ + f2 + z2' 



3.2 The boundary-to-bulk propagator for the master field B 



In this subsection, we will begin with the linearized equation for B in Vasiliev theory, 
and derive its boundary-to-bulk propagator. Recall that B contains the higher spin 
analogs of Weyl curvature. One of the linearized equations, dzB = 0, simply says that 
at the linearized order, B = B{x\y,y) is independent of Za and Za- 
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The other hnearized equation, DoB = 0, can be written exphcitly as 

dB+[ujl^,B], + {eo,B}, 



dB 



27 



dx^^ 



(ynJy'-dp + B + —a;^ {y^y^ + d^^d^) B (3.25) 



or in components, 



+ 1 [{ay^y^d, + {a%^y^d^] ^ - ^ {v^d, + y%) B + ^{y^y^ + d^d^)B = 0. 



2z 



(3.26) 

Recall our convention dx'^ = —^dx°'^a'^^. By contracting fl3.26p with y'^y^ or by acting 
on f l3.26p with d"d^, we obtain 



y'^y -a/3 



4z 



fd^^B - [y'd, + f'd.) B + l-[y-d.)[fd^)B = 0, 



(3.27) 



d-d^d^,B + ^ 



{y-'d, + fd., + 4) 5 + -(y"9, + 2)(/9^ + 2)5 = 0, 



or rather, expanded in powers of y and y, 



y' 



n + m) + — (n + l)(m + i)5("+i.'"+i) = o, 

42; 2z 



a^a'^a^^S^"'") + (n + m + 4) S^"'"^) + — (n + l)(m + l)5(""i'"-i) = 0. 

^ ^ (3.28) 

The scalar field and its derivatives are contained in In particular, it follows 

from the first line of fl3.28p that B^^'^'^ = —2zy°'y^d^^B^^''^\ and from the second line 
of dSSHl) that 

22 



z 



~2d''^zd^p - 3af + - 1 



(3.29) 



(^za'^a^ - 2d. + 



This is solved by scalar boundary-to-bulk propagator = K[x, z)^ for A = 1 or 

A = 2, where K{x,z) = ^2^^2 ■ This verifies that the linearized equation for B indeed 
produces the correct boundary-to-bulk propagator for the scalar field B^^'^\ 
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Further solving for the higher components i?^"''") using f l3.28p . we recover the 
boundary-to-bulk propagator for the scalar component of the master field B. The 
answer for the A = 1 scalar is 

B = Ke-y^'''-^''^'^y = Ke-y^y (3.30) 

where we recall the notation x = x'^a^ = x^ai + za^. We also defined E = o"^ — ||x. 
It is straightforward to check that fl3.25l) is indeed solved by (13.301) . The boundary-to- 
bulk propagator for the scalar component of B field in the A = 2 case will be given in 
section 5. 

Now let us generalize to the spin s components of B. Consider an ansatz to the 
linearized S-equation of motion of the form 

B = \Ke~y^yT{yy + c.c. (3.31) 

where T{y) is a quadratic function in y, so that (I3.3ip indeed corresponds to the spin-s 
degrees of freedom. Our normalization convention is such that for s = (I3.3ip agrees 
with the scalar component of the boundary-to-bulk propagator (13. 30 p . This ansatz 
solves (I3.25P if T{y) obeys 

d7 K 

dT-—T + —yxdxdyT = 0. (3.32) 
z z 

The solution is given by 

T = — yxe ■ aa^'x.y, (3.33) 

z 

for an arbitrary polarization vector e along the 3-dimensional boundary. We will ver- 
ify in the next subsection that this is indeed the master field corresponding to the 
boundary-to-bulk propagator for the spin-s tensor gauge field derived in the previous 
subsection, with polarization vector e. (I3.3ip together with (13.330 give the boundary- 
to-bulk propagator for B of general spin. 

Sometimes we will write C{x\y) = B\y=Q. It is useful to invert this relation and 
recover B from C, using (I3.28p . For the spin s components, 

^{2s+m,m) ^ _}: + (s + ^ _ yQi2s+m-l,m-l) 

m[2s + m) 

1 ^2-s~m^y^-^^s+m-l^{2s+m-l,m-l) ^^^^^ 



m(2s + m) 

(2s)! (^2^^^)-^^c'(x 



m!(2s -|- m)! 
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where our convention for ^ is = = ~'^^ap- '^^^ entire spin s part of B is 

then given by 

m=0 ' ^ ^' 

3.3 The master field W 

As discussed earher, our strategy of solving Vasihev's equations perturbatively is to 
solve for the master fields and then restrict to = = at the end to extract the 
physical degrees of freedom. Writing W for the fluctuation of W away from the vacuum 
configuration Wq, it will be useful to split it into two parts, 

W{x\y, y, z, z) = il{x\y, y) + W\x\y, y, z, z), (3.36) 

where fl = W\z=z=o, and W is the remaining ^-dependent part of W. At the linearized 
level, W^|z=o = ^ will be expressed in terms of the traceless symmetric s-tensor gauge 
fields and their derivatives, whereas W is determined by B through the equations of 
motion. Let us first consider Q. Expanding in a power series in y and y, we will denote 
by ^2^"'™^ the part of of degree n in |/" and degree m in |/°. Recall the generating 
function ^^(xlF) for which we derived the boundary-to-bulk propagator in section 3.1. 
If we identify — a^^y'^y^, then the component Jl^*"^-''"-'^) is related to $s by 

^is-i,s-i) ^ ^J-j>^ (3.37) 

We will fix our convention for the relative normalization later. The linearized equation 
DqW = 0, or DqQ = —DqW = —DoW'\z=z=o, relates the other spin-s components of 
n to as well as to B. 

Let us start with the linearized field B{x\y, y). Using the linearized equation dzS = 
B * Kdz"^ + B * Kdz^, we can solve for the ^-dependence of the master field S by 
integrating dzS, 

S = -Zadz" / dtt{B * K)\^^tz + c.c. 

\ (3.38) 
= -Zadz'^ I dttB{-tz,y)K{t) + c.c. 







where K(t) — e*^"^". Define 

s{y,y,z)^ [ dttB{-tz,y)K{t) (3.39) 

^0 
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so that we can write S = —Zas{y,y, z)dz°' + c.c. Note that although S may a priori 
have a z- independent part, it can be gauged away using a 2;-dependent gauge parameter 
e{x\y,y, z, z). Next, using dzW = —DqS, we can solve for W by integrating again in 

z°' and z", 

W' = z'' ! dtDoSJ,^tz + c.c. 



/ dtz" {[Wq, Zo,s]^\^^t^) + c.c. 
Jo 



dtz^ 



dy" 



z~>-tz 



+ c.c. 



Z" 

Yz 
Yz 
Yz 



(ia;*(cr")a^(9/3 + dx^{a^'-)oPdpj J dt s{y, y, tz) + c.c. 

dxa^ [dp + {a^y 0dy) — dzda / dt s{y, y, tz) + c.c. 

^ Jo 

dxj [d^ + {ay^d^) - dzd^ / dt{\- t)B{-tz, y)K{t) + c.c. 



(3.40) 



2z 







dt (1 - t) [dp - t{ayf^z^) B{-tz, y)K{t) + c.c. 



In the above we used the notation da = da = The relation fl3.40p between 
the linearized fields W and B will be repeatedly used throughout this paper. 

Now, we can write 



Dq^I = -DqW'\ 



z=z=0 



-{Wo,W'}, 
1 



2z 



z=z=0 

■1 



Wo, / dt{l- t) [dp - t^ay^z^) B{-tz, y)K{t) 
Jo 

l_ \dWo 
2z [ dy 



A dxa^ + c. 



c. 



^, / dt{l- t) [dp - tiay^z,) B{-tz, y)K{t) 
Jo 



2 = 2 = 

A (ix"^ + c.c. 



2 = 2=0 



(3.41) 

Note that daW is linear in y or y; its ^-commutator acts by taking a derivative on ?/ 
or y. In the first term in the last line of fl3.4ip . the y-derivative only acts on K{t), and 
the result is zero after setting Za = Za = 0. So we have 



Don 



^z^ 
1 

8i2 



dt (1 - t) [dp - tiay^z.) B{-tz, y)K{t) 



c.c. 



2=i=0 



d6d^B{0, y)dx''^ A dxa^ + dpd^B{y, Q)dx^" A dx\ 



(3.42) 
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In other words, the hnearized equation for the spin-s component of f2 takes the form 



drn 



2z 



(3.43) 



where C^^** and are functions of only y and only y, respectively, of degree 

2s — 2. Expanding f l3.43p in powers of y and y, we have 



1 

1 



2z 



7/3) 



(3.44) 



for n, m > 1, where (i^fi can be explicitly written in Poincare coordinates as 



d:^ + -{y^{a^dyr + y\a^dy):) 



{ydy + ydy 



{a/3) 



(3.45) 

We will now solve for for n = 1 — s, ■ ■ ■ , s — 1, n 7^ 0, in terms of 

using f l3.43p . The following useful relations follow from f l3.44p . 



n + l 



^ + 2 aa/3o(»-l.»n+l) _ n ^ {n+l,m-l) 



(3.46) 



4;z 



4^' 



For now we will restrict ourselves to the spin-s sector. Define the shorthand notation 
Q"- = Q^{s~i+n,s-i-n) _ ^jjj gpjj^ jj^^^ terms, defined as 



ap' 



(3.47) 



1 

g2 _ ^2 
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We can now invert fl3.46p and express ^±± in terms of di acting on 

2z 



or Q 



n-l 



as 



s + n 
2z 



n-l^ 



n-l^ 



/a/3' 



n + 1 

{s - n)y^d^{dLn^-Xp + {s + n)rd\dLn^-^).^ 
[s - n)y'^d^{dLn^^X^ + {s + n)rd^{dLn^^^).p 



(3.48) 



These relations allow us to raise or lower the index n, hence relating different compo- 
nents of fi, all of which containing the spin-s field. To proceed we must now fix some 
gauge degrees of freedom. The gauge transformations with a ^-independent parameter 
e{x\y, y) act on VL as 



6n 



+ (,2_^2. n+l 



(3.49) 



where we used the notation e"' = ^(s-i+n,s-i-n) ^ analogously to fi". We can use 
e^, ■ ■ ■ , e'*""'^ to gauge away VL\_ for n > 0, and use e~^, ■ ■ ■ , e^~'^ to gauge away for 
n < 0. In the = case, this is simply the statement that we can gauge away the trace 
part of the symmetric s-tensor field obtained from f2'^*~^'*~^\ which is a priori double 
traceless rather than traceless. This allows us to fix all fi^'s in terms of Vt^ = 
and hence in terms of $s- Schematically, these relations take the form 



(3.50) 



fi" = 




n > 0, 


fi" = 




n < 0, 


Q = 


V n=l 


s-l 
n=l 
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for some raising and lowering operators T±. More explicitly, for n > 0, we have 
2z 



'^'^ s + n 
2z 



s + n — 1 

2z 

s + n — 1 
2z 



"+7 



1 — Tl 



s2-(n-l)2' 



n-l 
++ 



r nn-1 



Recall that = = ~29^^. The operator L++ can also be written as 



(3.51) 



(3.52) 



Analogously, we can write down recursive formulae relating and to those of 
index n — 1, for n > 0, 



2z 



s — n + 
2z 



s — n+1 

2^ 

s — n-\-l 

z 

s^-{n- I) 



d\ + ^y^{'j'dy)a + ^yai'^'dyy - ^^(2s - 2) 



2z' 



1 — 71 



2z' 



Az 



n—l 



(3.53) 



and 



+ ~ 

z 

2^ 



s-n)(aV + ^V) 



s-1 



dj + ^ya{(^^dyy + ^y^{a'dy)a- ya 



Qn-l 



+{s + n){d''f + d^f[ 



1 



s-1 



d\ + ^y"'{(^"dy)a + ^ya{(T'dyy 2^ 



[a 



2W , 
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z 



[s — n) 



1 



s - 1 



+ (s — n)]^ 
+ (s - n)&^ 
+ (s + n) 
+ (s + n)^' 



n-1 

-7 



7/3 



n-l 



+ (s + n)(9" 

s + — n + 2) 



1 



s- 1 



cr 



"7+ 



4 
2^ 



2z 



2s 



«/3 2^ 



+ {s-n)y" 

L ZZ 



Q — ■ri r S ' 

^1-^' + ^ya^a^i^!!-^ + (s + n)y" [d\ - ^y v^ 



7- 



n 



2^v- J --+7 
„_i , (s + n)(s-n + l) 



9\ - V^'^'^'^ 



"7+ 



2; 



2z^ ' 



s — n 



s + n 



2(s + n-l)z' 

s — n ( ^ s 



2(s - n + 1)2; 

s-n _ 1 , s + n 



2z 



-ya'dyVT-^ + 



2(s-n + 1) 

s 



y 



2{s + n- 1) 



z 



s — n 



2(s-n + l) 



a, - dy^ - 



S + n 



2(s + n- 1) 



n-2 



+ '-dya'dyQl-' + (^ + ^)(^ ^ + ^\ ay^O;^Ti 



where we have used — 0. Finally, we arrive at recursive formula for , , 



(3.54) 



(s — n)z 



-+ 



2s(s - n + 1) 



s + 1 



(s + n)z 



2s(s + n- 1)' 



(3.55) 

In the case fi^^ ~ dad^^^, = for all n > (and by the complex conjugate 

relations, for n < as well), and fl\ = 0. Therefore, to solve for fl"- with n > we 
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only need the recursive relations 



Q" = I 

{s-n)z 
2s(s-n + l) ^ 



n — 1 



s + l 



(3.56) 



Similarly, to solve for fi" with n < 0, we only need the analogous relations for 
and fi4._. 



Now using the (2s — 2, 0) component of fl3.43p . C{x\y) = B\y=o is related to Q by 



^a„a/3C(x,z|?/) 



(3.57) 



and so 

C{x,z\y) 



2^2 



s(2s - 


1) 


2^2 




s(2s - 


1) 


2^2 




s{2s - 


1) 






s{2s - 


1) 



yV(c?Lfi^ jap 



y r 



1 



9«^ + -Z/«(a^9,)^ + -y^(a^9,)„ 



2\ 7 



4z 



-(2s -2) 



L/q, 



s-1 



2z 



[a 



"+7 



+ 



S - 1 



(3.58) 

We will choose a normalization convention for in terms of such that the 

boundary-to-bulk propagator for C{x\y) takes the simple form in the previous section, 
C{x\y) = KT{yY. This is given by 



2iV,(2s)! 



(9 (9 $ 



2iV,(2s)! 



sz 



(3.59) 



9' 



i2s 



{y^yY 



2{2s)\{x-Y + X 
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We can then express the generahzed Weyl curvature C{x\y) in terms of $s, 

c{x\y) = 

\2 



[Si 



27V. (2s)! 



? 1 



Ns{2s)\ (2s)! 



(3.60) 



5=0 



iV,(2s)!(2s)!' 

Using the boundary-to-bulk propagator for derived in the first subsection, we have 
C{x\y) 



((2^)!) 



x^ 



((2^)!) 



^ z'-^dl^iz^ypdyYimr ^ 



{x^y x^ 



(3.61) 



5=0 



-z^-'d^' 



■ 1 

— {z^y^pyY 



x^ 



(X 



Recall that we are now working in the light cone coordinate, with the polarization 
vector given by = l,e~ = e-^ = 0. To proceed, observe that 



[z'^yxpy)- 



[X 



n(yx(x — za )y)- 



„n+l 



[X 



\n+l 



nQ- 



[X 



\n+l 



where Q is defined by 



Q = ?/x(x a"" - za )y 
= ^(a^^yo^'^y - yxo-^^x?/) 



(3.62) 



(3.63) 



We shall also make use of the property \z^yyj()y, Q\ = 0. Continuing on fl3.6ip . we can 
write 

C{x,z\y) 



1 Q2sQ' 



2{2s)\ (x-)2« + x2 



1 



(2s)! (x-)2- 

2-s-l 



d' 



2s 



[y^a '':>^yy 



x^ 



{y^a-^^yyO'' 



(2s)! (a;- 



\2s 



(3.64) 



2-'-'{y^a-':>cyy 



Z' 



s+l 



2^2s+l 



[X 



2(x2)2 
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where T{y) is defined as in section 3.1. We can then recover the entire spin-s part of 
the linearized master field B, 



oo 

B{x\y, y) = (2.)! ^,(^ + 2.)! ^^""'^^^^""^^^"'^^ + ^'^^ 



n=0 
oo 



(3.65) 



2' ^ n\in + 2s)! 

n=0 ^ ' 

The following relations are useful, 

{-z^ypy)K{x) = {~zyJ:y)K{x 



{K''+') + c.c. 



—z 



2..a.-.Nn^(^)m ^ (^ + "^ ^ ^ ' (-^|/Sy)"ir(x)"^, 



(3.66) 



(m- 1)! 

where we used the fact {—z'^y<f)y){~zylly) = {—zyUyY . Now we arrive at the expression 



5(x, z\y,y) = \Y. 3^^^^S^(--^/Sy)"i^"-^^ + c.c. 



2^ n\ z^^' 

n=0 

2 V 22 J 



(3.67) 



+ c.c. 



This is the result we claimed in the previous subsection, the boundary-to-bulk propa- 
gator for B. 

Finally, let us derive the formulae for the boundary to bulk propagator of f2" for 
n = 1, ■ ■ ■ , s — 1. Using (13.591) . we obtain 



[s — riji 



(s — n)! 



2(2s)!(s + n- 1) 
(s — n)\ 



z' 1 



2(2s)!(s + n- 1)! (s-n)! 



z-^di^iy^yy-'^iz'y^l^yr 



{x y x"^ 



4(2s - 1)! (a;-)«+" 

2-n-2 



9' 



,2s 



(yxy)^-"^ 



(2s - 1)! (x-) 



s+r, 



X^ 



(3.68) 
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Figure 1: C(si, S2] S3) will be computed by sewing two boundary-to-bulk 
propagators, corresponding to sources of currents of spin Si and S2, into 
a spin-S3 field via the nonlinear equations of motion. 



Recall Q = \{x^ya — yx.a ^xy). On the other hand, for fi" , , 



(s — n)z 



2s{s-n + 1) 
2""fs - n) 



in— 1 



-dl^z^-''idypdy){y^yy---'\y^a-^^y) 



(2s)!(s -n 
2-"-i(s - n 

2-"('s-n 



dl'z'+'\dyp^y)iy^yy-^iy^a-'^yr-' 



(2s)! + ^ 



(,T-)^+"-lx2 

,-1 



(3.69) 



x^{y^yY '\y^a ^xy) 



0. 



So in fact the boundary-to-bulk propagator for vanishes identically for all n. We 
can therefore recover the boundary-to-bulk propagator for Vt entirely from V[ 



n 

++' 



4 Three Point Functions 

In this section we will study three point functions of currents dual to higher spin gauge 
fields in AdS4^, at tree level in Vasiliev theory. While we do not know the explicit 
Lagrangian of Vasiliev theory, we can compute the correlation functions directly using 
the equation of motion, up to certain normalization factors. In general, an n-point 
function {Ji{xi) ■ ■ ■ Jn{xn)) can be computed by solving for the expectation value of 
the field dual to J„, ipn{x,z), at x = Xn near the boundary z — )■ 0, sourced by the 
currents Ji(xi), ■ ■ ■ , J„_i(x„_i). Strictly speaking, this computation gives the n-point 
function up to a normalization factor that depends only on the field 

Let us analyze this more closely. Suppose a boundary operator J{x) is dual to a 
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bulk field </?. We can express the AdS/CFT dictionary in a Schwinger-Dyson form 

J{x^)e^'^''^'^^^'>'^^^) = J d'x{J{xo)J{x))freem- J Dipl^e'' J d'x^K^{x;xo)-^ 

(4.1) 

where (■ ■ ■)\^ refers to the boundary condition (p{x,z — )■ 0) — )> z^'(l){x), 6- being the 
appropriate scaling exponent associated to the boundary source of the field ip. K^p[x] xq) 
is the boundary-to-bulk propagator for tp. We have separated the bulk action 5" into 
a free action for (/? and the interaction part Sint] {J{xq)J{x)) free stands for the two- 
point function computed from the free action in the bulk. Here we assume that 
is supported away from xq. On the other hand, the expectation value of </? near the 
boundary point (xq, 2; = 0) is given by 



{(p{xo,z))^ = / d'^x'K^{xo,z;x')(j){x') - / D(p\^e / d x' ^/g G^{xo, z; x') 



Sip{x') 
(4.2) 

where G^{x;x') is the bulk propagator for (p. The boundary-to-bulk propagator is 
related by 

G^{x, z^O; x', z') z^+K^{x', z'; x). (4.3) 

Therefore, we have 

{ip{xo, z ^ 0))^ ^ /+ (j{xo)e^''"^-'^^^'^^^A (4.4) 



In Vasiliev theory, however, we do not know a priori the normalization of the kinetic 
terms of the spin-s gauge fields, in terms of components of the master fields. Each spin- 
s field (ps is dual to the current Jg in the boundary CFT with a certain normalization 
constant a^. Here the currents Jg are understood to have appropriately normalized 
two-point functions. Furthermore, we have chosen an arbitrary normalization for the 
boundary-to-bulk propagator for Lpg- So the boundary expectation value of (ps in the 
presence of sources is related to the correlation function of the currents by 

{iPs{So,z^ 0))^ ^ z'+'Cs U{xo)e^'''^''''^^'^'^'^'A , (4.5) 

or for the n-point function, 

{(Psixo, Z 0))(^..- ^ Z'+'^ Cs Yl as, {Jsixo)Js,ixi) ■ ■ ■ J,„_i(fn-l)>( 



'CFT ■ 



i=l 



(4.6) 

Here Cs is an undetermined normalization constant that depends entirely on the nor- 
malization of the field (ps- By comparing with the boundary-to-bulk propagator K^^, 
one deduces 



,r. - ^ 0) 



((/?,(f,z ^ 0))(^.-,) as {Js{x)Js{x'))cpj, 



27 



Combining various expectation values of (p with sources, we can determine all the 
normalized correlation functions of the currents up to an overall constant, which may 
be identified with the coupling constant of Vasiliev theory. 

The spatial and polarization dependence of the three point functions of the form 
{JsASi,ei)Js2{,X2,e2)Jsz{,x^i£z)) is fixed by conformal symmetry and the conservation 
of the currents up to a linear combination of finitely many possible structures. The co- 
efficients characterize Vasiliev theory, and we would like to compute them and compare 
with free and critical 0{N) vector models. In the current paper, as a first step toward 
verifying the conjectured duality, we will assume that the spatial and polarization de- 
pendence of (Jsj JS2JS3) is proportional to that of free or critical 0{N) vector models, 
and compute the overall coefficient as a function of the three spins, which we denote 
by Cs^s2S3- A general argument has been provided in [27j stating that if the three point 
functions of the currents (in other words, the OPEs of the currents) have the same 
structure as in the free scalar field theory, then the structure of the ra-point function 
of the conserved higher spin currents {Jsii^i) ■ ■ ■ Js„{xn)) is determined in terms of 
the corresponding currents (^9^^ • • -d^^cf) + ■ ■ ■ in the free scalar field theory, with the 
fields (j) contracted in a cyclic order, and summed over permutations of these free field 
currents, with constant coefficients A(j that may depend on the particular permutation 
cr G Sn- It is far from obvious, a priori, that the assumption of [27] that the three 
point functions have the same structure as in free field theory, holds for the currents 
in Vasiliev theory. To demonstrate this is the main goal of this paper. 

What we can compute using Vasiliev's equations of motion is the LHS of (14. 7p . For 
three-point function (Js(x, e) Js^(xi, £1) Js2(x25 £^2)), where 6,61,62 are null polarization 
vectors, it suffices to consider the case 61 = 62= 6, and in the limit Xu — ?■ 0. The LHS 
of (14. 7p in this limit, after stripping off the standard x and polarization dependence, will 
be denoted C(si, S2; s). This is computed by the Witten diagram with two boundary- 
to-bulk propagators corresponding to spin si and S2 respectively, sewed together using 
the interaction terms in the equation of motion, and solving for the outcoming second 
order field of spin s near the boundary. We will now carry out this computation 
explicitly. 

4.1 Some generalities 

We have seen that at the linearized level, n^^^^'^^^^ contains the symmetric traceless 
s-tensor gauge field, and i?^^^'^) contains the generalized Weyl curvature. Either field 
can be used to extract the correlation functions of the spin-s current in the boundary 
CFT. It will be more convenient to work with B^'^^'^\ Our strategy for computing 
C{si, S2] S3) will be to compute the expectation value of i?(2'^3,o) ^^le second order in 
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perturbation theory, with two sources on the boundary corresponding to the currents 
J^i and respectively. 

To do so, we make use of the equation of motion 



DoB = -W*B + B*7r{W), 



(4i 



While the linearized field B does not depend on Za,Za, at the second order the B field 
in general does. From now on we will use the notation B to indicate the z-dependence, 
and write B = B\z=z=o- It suffices to consider (14. 8 p restricted to z = z = 0, 



DnB 



OU\z=z=0 



-W*B + B*n{W) 



= J 



Y 



2 = 2=0 



(4.9) 



In order to solve for B at the second order, we split B into B and the ^-dependent part 
B', DqBz=z=o = DqB + DqB'\z=z=o- is solved from the equation 



dzB' = -S * B + B *n{S). 
We will write = —DoB'\z=z=o, and so 

DqB = + = J = J^dx^. 



(4.10) 



(4.11) 



This allows us to solve for B{x\y,y) from J^. More explicitly, in Poincare coordinates. 



B{x\y,y) = J^p{x\y,y) 



(4.12) 



where we have split Dq into the Lorentz derivative = d + [ujq, ■ ■ ■]* and {eo, • }*. 
We have previously encountered the homogeneous form of (I4.12p in solving for the 
boundary-to-bulk propagator, but now with source J. By contracting (14.121) with 
?/"?/^, and extracting the degree (2s + 1,1) term in the expansion in y and y, we obtain 



+ ^ 5(2^+1,1) = 



2z 

On the other hand, by acting on (14. 12^ with d°'d^ , we have 



(4.13) 



(4.14) 



Putting them together, we obtain a second order differential equation on B^"^^'^^ only, 



(s + l)(2s + 1) 



7(5 



d-d^V^^zy-'y'V, 
= d^d^V^,zJ^f'^y^y' - ^i±i9"9^j(2«+i'i) ^ j(^). 



(4.15) 
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The following formula for the first term on the RHS of fl4.15p will be useful, 



2z 



2z 



S + l 



cr 



2z 



,-(2s,0) 7-5 



2z 



(4.16) 



a )P 'y 



We will defer the solution to B^'^^'^^ from (14.151) to the next subsection. Now we will 
consider the computation of J{y) at the second order in perturbation theory, from the 
boundary-to-bulk propagators of the linearized fields. As clear from (14.151) we only 
need to know J^\y=Q and d"^d^ J^i^\y=Q. 

Explicitly, is expressed in terms of B' as 



z=z=0 



-a^Jdzdy+d,dy)B\ 



z=z=0 



+ -j^^^^^Vp + ^z^y^ - dz^d-fi)B\ 



(4.17) 



2 = 2=0 



In components, (I4.10p can be written as 

9,.i3 = -5„*fi + fi*7r(5^) 

= / dtt[{z^B{-tz,y)K{t)) * B - B * {z^B{-tz,-y)K{t))], 
Jo 

d.^B = -S^*B + B* Ti{Sp) 

= [ dtt[{z^B{y,-tz)K{t))*B-B*{zf^B{-y,-tz)K{t))]. 
Jo 



(4.18) 



where we have used the linearized relation between S and B, (13. 38 p . and we have 
suppressed the spacetime dependence of the fields in writing the above equations. Note 



that dz^d-pB = at the second order. Also observe that dydzB\z=o = dydzB\z=o 
where the indices are contract, i.e. dydz = ^'^"a^af? etc. It follows that 



0, 



2 = 2 = 



0, 



(4.19) 



in fact, without the need to set y to zero. If we further set y = 0, it is not hard to see 
that 



d^cBl 



U=z=y=o = 0. (4.20) 

This is because z, z and y are completely contracted under ^-product in the first equa- 
tion of (I4.18P : while the in K{t) are not entirely contracted with 5, we may replace 
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either {z"ya) * 



=0 or (• ■ ■ ) * {z°'ya)\z=o by yady{- ■ ■)\z=o- One then observes that 



the two terms in the integrand in the first equation of (14.181) in fact cancel each other, 



I z=z=y=0 



does not 



when z,z,y are all set to zero at the end. Note however that d-fjB\ 
vanish, according to the second equation of (I4.18p . Collecting these properties of B', 
we can simplify (I4.17P when y is set to zero, 

and therefore 



I z=z=y=0 



\z=z=y=Oi 



(4.21) 



z=y=0 



= dttiya%) [{z^B{y,-tz)K{t)) * B - B * {z^Bi-y,-tz)K{t))] 

= [\tt\yay [{zfz^B{y,-t-z)K{t)) * B - B * {zfz^B{-y,~tz)K{t))] 

+ ^^'ci"(yt^T [{zf,B{y,~t-z)K{t))*d.,B~d^B*{z^B{-y,-t-z)K{t))] 
= 'Yzl dtt{yar{t[y^y^B{y,-ty),B]^-{y^B{y,-ty),d^B}^] 
dtt{l-t){yay [y^y^B{y,-ty),B] 



z=y=0 



z=y=0 



2z Jo 



y=0 



(4.22) 

In the above manipulation, we have frequently replaced the star product with y or z 
by derivatives on y and z, or vice versa, as these variables are set to zero in the end. 
(I4.22P and (I4.19P are all we need for the contribution to J{y) in (I4.15p . 

Now let us turn to J^. It can be split into to terms, = + J'^, where 

= -n* B + B *TT{n), 

= -W' *B + B* 7r(W^')L=f=o ■ 

We will also write J' = + , and J^, = Jf} + J'^- 

Let us examine the structure of J'^. At the linearized order, recall from (I3.40p 



(4.23) 



W 



2z 



dt (1 - t){df^ - t{ay ^z^)B{-tz, y)K{t) + c.c. 



(4.24) 



We have 

J%=odx"^ = -W'*B + B* 7:{W%^,__ 



:y=0 



~Yz t '^^^^ ~ f^"^""^^^ " t<^'y)B{y. -ty), Bl\_^^ 



(4.25) 
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It immediately follows that d°'d^ J'^^\y=o = 0, as in the case of J^, because it involves 
expression of the form 



a, 







2=5=0 



and the analogous complex conjugate expressions. On the other hand, when restricting 
J'^ itself to 1/ = 0, we have 

y''Jap\y=o = yJ'^ ^^(^ - ^) \yp^^y - ^^^y)-B{y, -ty), B] ^ 
Combining this with f l4.22p . 



y=0 



(4.26) 



a jZ 



y^J 



dtt{l - t)y^ [yp{<j'y)^B{y, -ty), B]^ 



(4.27) 



5=0 



we obtain the contributions from J' 



y''J'Jy=o = ^ ^^(1 - t) 2/" [VpdaBiy, -ty),B] ^ 



5=0 



(4.28) 



d'^d^J' 



0. 



Suppose we have two sources on the boundary, at points x = and x = Xi, of spin and 
polarization (s, e) and (5, e) respectively. We will denote x = x — Xi, x = x — Xi, and 
similarly use the "~" notation for all the variables associated with the spin s current. 
Recall the expressions for the spin-s boundary-to-bulk propagator for the master field 
B, 

B{x\y,y) = lKe-y^yT{x\y,ey + C.C., 



T{x\y,e) = —y^^a^^y = ^{y{l - ^<y^)\f. 

z 8z 



(4.29) 



In the last step above, we traded the null polarization vector e for a spinor A, defined 
by 2{^az)ai3 = AqA/j, 2(^0"^)^^ = AqA^, with A = cr^A (the factor of 2 here is just our 
choice of convention). Similarly, we must include the boundary-to-bulk propagators 
for the source of spin s at Xi. Plugging these into ( I4.28p . we arrive at the expression 



■f}\y=o 



-y^y 



dt (1 - t)y^ [y^d^ {e'y^y {T{yy + f{-tyy) ] 



f{yy + f{yY 



(4.30) 



*,j/=0 



+ (x O X, S -v^ s). 



We will defer the explicit computation of to later. For now, let us point out that 
d"d^ J^^\y=o in general does not vanish, unlike for J'^. 
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Now we would like to compute C{s,s;s'), by extracting the (2s', 0) term in the 

{y,y) expansion of J{y). By counting powers of y while contracting all ^'s, it is not 
hard to see that contributes to the spin s' field if s' > \s — s\, while contributes 
if s' < s + 5. We may encounter three different cases: 

(1) s' > s + s. Only J' contributes. 

(2) s' < |s — s|. Only contributes. 

(3) \s — s\ < s' < s + s. Both J' and contribute. 
There is also a special exceptional case: 

(4) s = s, s' = 0. In this case, the contributions from both J' and vanish, so 
that naively we would conclude C(s, s; 0) = for all s. We will see later that this is 
in fact not the case, by "analj^ically continuing" from C(si,S2;0) for si ^ S2. This 
is presumably due to a singular behavior related to the nonlocality of Vasiliev theory, 
which we do not fully understand. 

There is a particularly simple case, when the triangular inequality among the three 
spins is strictly not obeyed: ii s' > s + s, then s < s' — s, and s < s' — s. So C(s, s; s') 
receives contribution only from J', while C{s,s';s) and C{s,s';s) receive contribution 
only from J^. We expect 

Csis2S3 = —^C{si,S2;s3) (4.31) 

to be the coefficient of the normalized three-point function, which should be symmetric 
in {si, 82,83). 

In this section, we will compute explicitly C(s,s;0), which receives contribution 
from only. They determine the three-point function coefficients Cqss up to a nor- 
malization factor of the form a{s)a{s). We will find agreement with the conjecture 
that the dual CFT is the free 0{N) vector theory, or the critical 0{N) model when the 
boundary condition for the scalar field is such that the dual operator has dimension 
A = 2 instead of A = 1. 

Later, in section 6, we will consider the case when the outcoming field is of nonzero 
spin. In particular, we will compute C{0,s;s') in the case s > s', which receives 
contribution from only. The result will allow us to determine the ratio among the 
normalization factor a{s)'s, when combined with our result for C(s,s';0). We will 
find that the two results are consistent with the structure of the three-point function 
constrained by higher spin symmetry, and further, strikingly, in complete agreement 
with the free 0{N) vector theory. 

At the end of section 6, we will also consider the computation of C(0, 0; s) for both 
A = 1 and A = 2 boundary conditions on the bulk scalar field. This coefficient receives 
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contribution from J' alone. Our result for C^^^(0,0;s) is however inconsistent with 
the other three-point function computations, and our result for C^^^(0,0;s) simply 
vanishes. We believe that this is an artifact due to the singularly nonlocal behavior of 
Vasiliev theory, which requires a subtle regularization which we do not fully understand. 
Presumably, the correct answer will be obtained if we take the two source spins to be 
different, then analytically continue in the spins, and take the limit when the two spins 
coincide (both being zero in this case). 



4.2 Solving for B at second order 

In this section, we will solve for B{x, z\y, y) near the boundary 2; — )■ 0, from fl4.15p . Let 
us write the LHS of f l4.15p explicitly in Poincare coordinates. First, using our formula 
for Wq , 



'y 



1 s 

^o.fi'r—yVf,y^d^-—al^ 



2z 



^(2s,0) 



(4.32) 



and then 



2z 



'"'^ " 2z 



2z 



a 



2z 

^{2s,0) 



z yy'y^d^^ + ^Z/o^^y 



^(2s,0) 



-d-y'djzd^, - '-^dya^Py + '-dyPa^y + fl^ + + 3) 



2z 



1 



s + 3 



s(s + l)(s + 3) 



2z 



S + 1 

2 

s + 1) 



s + 2, 



s(s + l)(s + 3) 



zd'-d, - -^dya^p y + -dypa^y + 



2 z r y 2z 



(4.33) 

Note that our convention for p is = ~|<7^^f^Ai = ~lPaB- '^^^ equation fl4.15p is 



now 



z'^d'^d^ - 2zd, + zya'Pdy - (s - 2)(s + 1) 



The solution takes the form 



G{x,z]Xo,zo\y,d, 



Vo) 



Q{2sfl) 



2^0 



2z 



-J 



s + 1 



J (xo, 2:0 1 2/0) 



(4.34) 



(4.35) 
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where G{x, z; xq, zo\y, dy^) is the Green's function for i?(2s,o)_ j^gg^g 

L = z^d^'d^, - 2zd, + zya'^dy - (s - 2)(s + 1). (4.36) 

The Green's function obeys 

L ■ G{x, z- x\ z\y, dy>) = {z'f5{z - z')5\x - x')e^^-' |y=o. (4-37) 

In momentum space, we can write f l4.37p as 

[z^dl - 2zd, - (s - 2)(s + 1) - + ^zya'^dy] G{z, z';p\y, dy>) 

(vd ')^' (4.38) 

= (^'m^-^')^^, ^ ' 

The small z, z' limit is equivalent to the p — )■ limit, where the equation reduces to 
[z'dl - 2zd. -{s-2){s + 1)] Giz, z'- 0|y, dy.) = {z')%z - z')^^, (4.39) 



(2.)! 



The solution is 



G{z,z'-MyA') = ^^'^^""'^^ , z < z'- 

^ 2s — 1 f2sV 

^ ' ' 2s -1 (2s)! ' 

Fourier transforming back to position space, it follows that in the limit z,z' — )■ 0, 
z > z', 

G{x,z-x\z'\y,dy.) ^ (4-41) 

We will not need the explicit form of G{x, z;xq, ZQ\y,dy^^), since we are only inter- 
ested in the behavior of B^"^^'^^ near a point x on the boundary. In the — )■ limit, 
the Green's function reduces to, 

G{x,z-x',z'\y,dy.) ^ {z'y+^lC{x-x\z\y,dy^), (4.42) 

where IC is understood to act on a function homogenous in y'^ of degree 2s. It satisfies 
the equation and boundary condition 

L • /C(x, z\y, dyi) = 0, 

/c(f,.|y,9,o^^5^(f)^^, .^0. ^^-^^^ 

Importantly, we note that while in the case s = 0, /C is the boundary-to-bulk propagator 
for the scalar field, for s > /C is not the same as the boundary-to-bulk propagator of 
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B^'^^''^\x, z\y) we derived earlier. While the latter is also annihilated by L, it does not 
obey the boundary condition of (14 .43 p . and in particular its integral over x vanishes 
(unlike $s(x, z\y,y)). 

Working in momentum space, we have 



dl-2sd^-p'-'-y^a^dy 



z'-'}C{p,z\y,X) = 0, 

(4.44) 



}C(p,z\y,X)^ z^O. 

' 2s -1 (2s)! ' 

We may write ^y^^cr^dy = p- i, where /acts on JC as an angular momentum operator 
of total spin s. The "states" of angular momentum p ■ i = m along p = ^ direction is 
given by 

{yX + iy}>a'Xy+"''{yX - iy}>a'Xy~"' (4.45) 

On each p ■ i = m state, the equation (I4.44p is solved by confluent hypergeometric 
functions of the second kind. The p ■ i = m component of /C takes the form 

~ 2-2^22-Sg-p^ fj^^ + 1 _ 2 - 2s\2pz) {yX + iy)a^XY+'^ {yX - iyj»a'Xy 

iJm[p,z\y, )- ^j— ^ f/(m + l-s,2-2s|0) (s + m)! (s-m)! 
2-2s^2-s p g-p^(i+2t) ^"""'(1 + 1)-""'" {y^ + iyi>(T")^Y^"' {yX - iyita'Xy-"^ 



2s - 1 Jq B{m + 1- s,2s-1) (s + m)! (s-m)! 

(4.46) 

for m = — s + 1,-- - ,s. When m ^ s, the integral representation in the second line 
should be understood as defined by analytic continuation in s. The m = — s case is 
special. In momentum space, there seems to be no solution with the desired boundary 
condition (I4.44p at 2; = 0. Rather, there is a solution that dies off at 2; — )■ 00 and 
behaves like 2;*"'"^ near z = 0, 

i,'_M ^\y, A) = (I^^l^^. (4.47) 

(2s)! 

where f{p) is an arbitrary function of the momentum. For f{p) = p^^"^, the Fourier 
transform of ip-s gives 

A) ^ - (4.48) 

This is nothing but the boundary-to-bulk propagator for B^'^^''^\x, z\y) we derived 
previously. 
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Let us return to (14. 46 p . and Fourier transform back to position space, 



2s^2-s r°° 



ipm{x, z\y,X) 



2s- 1 



dt- 



B(m + 1 - s,2s-l) 



X 



[s + m)\ 



^ ^ , (Jit 

2s - 1 







5(m + l-s,2s-lj 

m—s 



{s-m)\ J (2 

(s + m)! (s — m)! J {2tt)^ p 



s—m r (^3p* ^—pz+ip-x 



2s - 1 



5(m + l-s,2s- 1 



X 



\ (s + m)! (s — m)! 



r(2-2s)(3:^) 
27r2|f| 



2\s-l 



sin 2(s — 1) arctan — 



z^{2t+l)z 

(4.49) 

Note that although the factor r(2 — 2s) seems to diverge for positive integer s, the 
above expression should be understood as defined via analytic continuation in s; upon 
taking 2s derivatives {ya^^X)'^'^"^{ypa^X)'^~"^, the divergent term vanishes, leaving a 
finite result at integer values of s. 

The behavior of the outcoming spin-s field near the boundary is now given by 

2zo 



^ f dzod^xo ^ 

^ — K:{x - xo,zo\y,dyo) 



s + 1 



J {xo, zq] xi,X2\yo] 



.50) 

where xi,X2 represent the positions of the two boundary sources. Here we have sup- 
pressed the polarization of the source currents. We will see that the three point function 
coefficient of the spin-s current, (Jg- ■ ■), receives contribution from only the helicity-s 
part of B^'^'^'^\x, z — ?■ 0). This is extracted from the p ■ i = s part of /C above. We will 
denote the helicity-s part of the propagator /C by )C(s), which is given explicitly by 



/C(,) (f, z\y, X) = 2-''z'-' / dt{l+ t) 



\-2s 



X 



{ya'^Xf 
~l2s)\ 



T{2-2s){x') 
2tx^x\ 



2NS-1 



sin I 2(s — 1) arctan 



(4.51) 



z^{2t+\)z 



Away from x = 0, /C(s) has an expansion around 2; = of the form 

00 00 

X)z- + z^+' \og{z) bi'\x\y, A). (4.52) 



JC(^s){x,z\y,X) = z^ ''Yal^\x\y, 

n=0 



n=0 



Importantly, bQ\x\y, X) is given by 



bi'\x\y,X)=K 



{y±a'Xf' 
(2s)!(x2)2^+i' 
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2''-'s 



(4.53) 



where x = s ■ a. The other hehcity components /C(m), for m < s, when expanded near 
z = 0, will only have the first branch of fl4.52p and not the second branch with the 
log{z) factor. 

The scalar field is a special case. For s = 0, the dual operator can have dimension 
A = 1 or A = 2. /C(o) is simply given by 

1 ^2 (4.54) 

^fo)'(^'^) = ^(^2 + ^2)2' 



— —rJ{xo,Zo;xi,X2\yo) 
s + 1 



The three-point function coefficient C{si, S2] s) will be computed from 

d{2s.O)/- \ f dZod^XQ ^ I o 

lini2; Bl^^'[x,z) = / ^ — /C(^)(x - Xq, ^olz/, c'j/o 

(4.55) 

— * 

A particularly interesting limit is when the two sources collide, 5 = X2 — Xi — )■ 0. 
We can extract the coefficient of the three-point function from this limit alone. Let us 
rescale the coordinates by defining 6 = 6/6, zq = 6z' , Xq = 6x'. Then 

\imz~^~^B^,^^f\x,z) = ^ f f 3^ }C(^s)ix - 6x\6z'\y,dy>)J{6x,6z';xi,X2\y') 

z^O S ~r L J yZ J 

— j J^{s){x, 6z'\y, dy>)J{x', z'; 0, 6\y') 

(4.56) 

in the 5 — )■ limit. In the second step we used the scaling property of J which follows 
from our boundary-to-bulk propagators, and we used translational invariance to set 
xi = 0. 



For the scalar, this is given by 

^-Sl-S2-l 



limz-^5i°f;(f,z) ^ --— -— / dz'd^x\z')-^J{x',z';0,6), 



25— «^ r ^^•^'^^ 

\im z'^B^x^z) —-- / dz'd^x'(z')-^J(x',z';0,6), 6^0. 

On the other hand, in the s > case, it will turn out that in the 6 —> limit, the only 
term in fl4.52p that contributes is the term of order z^~^^ log(2;), 

\imz-^-'B'^:f\x,z\y) 
^ --^^(^fliS^ / ^-'^^-^(-r-^log(.O^^^g^^(a^',^;0,%0 (4.58) 
= J dz'd'x'iz'y-' log(/) J(f' , z'- 0, 6\^a^y), 6 ^ 0. 
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We will see that the terms of order {z')~'^~^, ■ ■ ■ , {z'y~'^, multiplied by J, integrate to 
zero. In particular, /C(m) for m < s will not contribute to f l4.58p in the limit S/\x\ — )■ 0, 
and it is sufficient to consider the m = s component alone. Note that the scaling in 6 
and \x\ of f l4.57p and f l4.58p are the ones expected of the three-point function of spin 
Si, S2 currents are Xi = 0, X2 = S with a spin-s current at x in the boundary CFT. To 
extract the coefficients C(si, S2; s), it remains to compute the integrals 



(4.59) 



I^=\6) = j d^x'dz'{z')~^J{x',z';0,6), 

in the s = case, and 

h{6, y)= [ d'x'dz'iz'y-^ log{z')J{x', z'- 0, 5\y) (4.60) 



in the s > case. In the next subsections, we will carry out the computation of 
three-point functions in detail. The formal consistency of the AdS / CFT dictionary for 
Vasiliev theory is discussed in appendix A. 



4.3 The computation of C(0, s; 0) 

In this subsection, we will carry out the explicit computation of the three-point function 
of two scalars and one spin-s current. More precisely, we will take the spin-s field to be 
the outcoming field, i.e. we will compute C(0, s; 0). As discussed before, this coefficient 
only receives contribution from J^, and is simpler than the computation of C(0, 0; s), 
which we will defer to later sections. 

We will take the spin-s source to be at x = on the boundary, and the scalar 
source at x = 5. When we write the ffist fields VL etc. we mean the boundary- 
to-bulk propagators sourced by the spin-s operator. On the other hand, we write 
X = X — 5, and denote by B{x\y,y) etc. the fields sourced by the scalar operator. 

We shall ffist compute J^rfx^ = -W * B + B * n{W) - W * B + B * 7t{W), and 
then J(y)\y^Q = which is the source for the outcoming scalar master field B at 
the second order. As we have seen, there is no contribution from the terms involving 
W and W to the scalar components of J^^\ and the only contribution comes from 
J^dx^ = —il^'^^ * B^'^'^ + B^^^ * TT(il^'^^) , where the superscripts indicate the corresponding 
spins. 

Recall our normalization convention fi'-'^r^'''^^-' = i^^Q Q-^ where n„ = j^'} = 
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J r(s-i) 

4s s! 



t(0) 



Ja'^cy^ A is given by 



7(0) 



*B-B* 77(9,9,$,) ) - {nl^ + n-^) * 5 + 5 * + + ■ 



(4.61) 

where ■■■ stands for terms that appear only at degree (2,2) and higher in {y,y), 
and will not contribute in our computation of J{y) below. In the second line, we 
used the fact that is of degree (s, s) in {y,y), hence dad^^s is odd under vr, for 
even spin s; Q,^ ^ = ^l^^f'"^^ and on the other hand, are even under vr. Note 

^ ' a/3 a/3' ' 

that the term [fi^^ + only contributes at degree (1, 1) in {y,y), via the term 



d^d/^inl^^ + flj^, B]^\y=y=o ~ + B]^\y=y=o. Bj couutlug powers in y and y, 
one sees that the latter vanishes identically. So in fact only the first term in the second 
line of fl4.6ip will contribute to J{y). 

Now from the definition of J{y) fl4.15p . we have 



^ ^ 2 



--d, 



z '^^ 2 



al3 



y=y=o 



-Us, 



-a 



{d^d,^,,B}, - ^{9,9.$„9"9^5}, 



2z 



y=y=0 



z ^ 2z 



d'^ud'^v{e 
d\d%{e 



UV+UV _j_ ^ — uv — uv\ 



z 



y=y=0 

2z 



$s(x|u, u)B{x\v, v) 



UV+UV _j_ ^ — uv — uv\ 



-a )v 

z ' 2z 



$s(x|m, u)B{x\v, v) 

(4.62) 

In the second line we used the notation / = J^cr^., and the formula f l4.16p . Note that 
unlike in J', here d°'d^ J^^ does not vanish. In the last two lines above, we used the 

' a/3 ' 

integral representation of the star product, and traded du for v via integration by part. 
Recall the boundary-to-bulk propagators for (^s{x\y,y) and B{x\y,y), 



^s{x\y,y) _ 
[si y {X 

B{x\y,y) = ke-y^K 



X^ 



(4.63) 
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Using these, fl4.62p becomes 
1 



J(0) 



2s(2s)! 



+ e" 



2 z ' 



2 

2'z 



(x Yx^ 



(4.64) 

In order to extract the three point function, we only need to calculate the integral 

(ESnD, 



1 



d?xdzz-^J^^\x,z]Q,5) 
d^xdz 



2s{2s)\ J 2^3 
1 



yS + 2 



X )'^x^ 



2s(2s)! J 2^3 



fJ^Tcl 7 C _ 



2z 



vxvq2s 



IUX.UI 



X^ 

(4.65) 

where in the first step we have integrated by part on z. To proceed, we need a generating 
function 



c/^Mrf\(e™+™ + e 



2\ „Amxm— tiEv 



{dja^dj + s"] \ . -. „ e 



-ATr 
-2A 



2n| Ajx(l-AEx)-ij 

i=i=o 



2 

det(l - ASx) 
2 

det(l - ASx) 
2 

det(l - ASx) 



(4.66) 



=xfl - ASx 



,-1 



+ s' 



^-Ax^fl-^l 



det(l - ASx) 



In the fourth line, Tr is the trace over chiral spinors. Later on when there is ambiguity, 
we will denote by Tr+ the trace over chiral indices and Tr_ for the trace over anti-chiral 
indices. Similarly, det here is understood as the determinant of 2 x 2 matrix. Further 
define 



det(l - ASx) = 1 - 2A2 + AXz'^ + X^x^ 



x^ 



i = l-2\z + ^\z" 



(4.67) 



x'- 
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We can write the integral (14.651) as 

d^xdz z""^"^ 



rA=l 



(5) 



2s(2s)! J 2^3 (x-yx"^ 



9iM ^ / 



s\ 



2s(2s)! 

(^-1)! 
2(2s)! 



d^xdz- 



d xdz 



z'- 


-1 


x~) 






-1 


z' 


{x~ 


Yx^ 



d. 



2s 



1 



52s 



1 



(4.68) 



A" 



where Ia^ means to take the coefficient of A*, when expanded in powers of A. In the 
second and the third hne, note that dr^+, as opposed to 9+, by definition acts on x'^ 
only and not on x+ . In the last step we made use of the simple fact that no polynomials 
of degree > 2s in a; appear on the RHS of 31%. So, we have 



rA=l 



(^-1)! 
2(2s)! 



d^xdz 



,2s-l 



_ 



x" 



X ■ X, 



x" 



{s-l)\ 
2(2s)! 

{s-iy 



2s 



d xdz- 



[x rx 



j>2 ^ V 



n=0 



2s 



n 



d' 



!2s—n 



X^ 



an 



-sr{i - 2^y-^ + s^r{i - 2"' 



x^ 



x^ 



d^xdz z^'~^ 



n=0 



nj (x2)2^-"+i(x2)"+i 



X 



-{s - n)2"(l - 2— 



X ■ X, 



s2^'-h\ / d^xdz 



x^ 

,2s-l 



s2'-h\ / d^xdz 



(X2)«+1P 
^2s-l 



,1 1 , 

^2 ~ 2^^!^ 

X' 



(x^y+Hx^y+^ 





— n 










X 




X X (x • x) 




- + 


2P_ 




2x2 x^x^ 




( 










x^ 





+ 



X 



2P 



(4.69) 



Using the integral formula derived in Appendix B, 



d^xdz- 



^2s 1/^ \k 



X 



2'\s+l+kr^2\s+l+n 



J{2s -l,s + l + n,s + l + k,k, 0)(5-)^ (4.70) 



with J{- ■ ■) given by (]B.7|) . we arrive at 



j^=i(5) = 2-^-Vtr(s + ^)(r)^ = ^r(s + ^)(5 ■ e)^ 



1 



5 

7r2 



(4.71) 



In the last step we restored the null polarization vector e of the spin-s current. Now 
using (14.571) . we find the behavior of the outcoming scalar field near the boundary 
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2 -> 0, 

(4.72) 



z^O X ' ^ ^2 1^12 



in the limit S/\x\ — )■ 0. The coefficient C(0, s; 0) is given by 



1 



C{0,s;0) = -^ns + \). (4.73) 

Let us compare fl4.72p with the boundary behavior of the boundary-to-bulk propa- 
gator for i?*^°''^)(x, z), 

^mz-'Bj^'4{x,z)^j^. (4.74) 

The relative coefficient between (14.721) and (14.741) determines the coefficient of the three- 
point function up to certain factors that depends only on our normalization convention 
of the boundary-to-bulk propagators. More precisely, in the limit where the two sources 
collide, the corresponding three-point function in the boundary CFT has the form 

MOUMelMx)) ^ ^C7(0,.;0)^^, ^ ^ 0. (4.75) 

where the position dependence on the RHS is fixed by conformal symmetry. More 
generally, before taking the limit j|| — )■ 0, the structure of the above three point 
function, up to the overall coefficient, is fixed by conformal symmetry, which we will 
derive explicitly using free field theory. The factor in (I4.75P is a normalization factor 
associated to the boundary-to-bulk propagator for the spin-s current. This is a priori 
not determined, since we do not know the normalization of the two-point function of 
the operator dual to the spin-s gauge field, g is the overall coupling constant of Vasiliev 
theory, which must be put in by hand, since we have been using only the bulk equation 
of motion, and not the action. 



While (I4.75P does not by itself give the three point function (^Jo{0)Js{6] e)Jo{x 
due to the ambiguity in a^, we note that is a normalization factor that has to do with 
only boundary-to-bulk propagator. We will be able to fix the relative normalization 
of a^'s by computing, say, C(0,0;s), which is related to C(0,s;0) by the symmetry 
properties of the three-point function of higher spin currents. 



4.4 C(s,s;0) 

We will now compute the three-point function coefficient of one scalar with two higher 
spin currents, in particular C(s, 5;0). Alternatively, we could also consider C(0,s;S), 
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whose computation is more involved and will be deferred to later sections. Note that as 
in the previous subsection, even though wc have not yet fixed the normalization factor 
ttsi knowing C(s, s; 0) we will be able to determine the normalized three-point function 
coefficient up to a factor of the form /(s)/(s), i.e. factorizcd normalization factors. 
The comparison of the non- factorizcd part of C(s, 5; 0) to that of the free 0{N) theory 
would provide a highly nontrivial check of Klcbanov-Polyakov conjecture. 

We have seen that only contributes to the computation of C(s, s;0). Without 
loss of generality, let us assume s > s. We are interested in the outcoming scalar 
field near the boundary. For this purpose we only need to consider the (0, 0) and 
(1, 1) components of J^^ (superscript indicating the scalar component) in its {y,y) 
expansion. 



j(0) 



a/3 ^ 



(4.76) 



+ 



where • • • are terms involving other components of Q^^, which do not contribute to 
J{y) for the same reason as discussed in the previous subsection. In particular, the 
analogous terms with the spin s and s fields exchanged do not contribute. By our 
gauge choice, = = 0, and so 



^<°'=-|s,(^-;''')/!/-is°8''4 



2 
— ( 

z 

2 



or' [Kt 



2 

c 



y=y=0 



y=y=0 



2 
— ( 

z 



} 



y=y=0 



2(s2 

1 

+ 2 



\a3 



y=y=o 



++ ^ "++ 



y=y=0 



(4.77) 

where we have repeatedly traded dy,dy with y,y under * product, as y,y are set to 
zero in the end. Let us split J into two parts, J"*" and J~ , with 



2(s2 - s2) 



+ 



(4.78) 



y=y=0 
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and J the analogous expression with s — > — s, y and y exchanged. Note that 



9,1,, B 



y=y=0 



0. In fact, as we have seen ear her, the boundary-to-bulk prop- 



agators for , are zero in our gauge choice, and so 



2(s2 - 52) 



y=y=0 



(4.79) 



Now we shall make use of the formula 



++ 



(2s- 1)! {x-y+ 



^{yxa ^x.yyd: 



1 ~ 



(4.80) 



B = -ke-y^\T{yf^f{yf), 



for the boundary-to-bulk propagator of the spin-s field at x = (be aware that in 
our notation, = ig a spin-s component of the W master field, with 

— * 

grading s), and for the B master field of the spin-s field at x = 5. Using the integral 
representation of the star product, J+ can be written as 



d ud vcosh.(uv + uv) 

2-5-3 



s — s 



2 
— ( 
z 



Vt.%Jx\u,u)Ke-''^''T{v 



(2.-1)! 



d ud V cosh.{uv + uv) 



z 



— 



X 



vS(.^a^5ivy{uxa ^'x.uyd: 



,ux.u) 



x^ 



(4.81) 

For simplicity, we will now assume that the polarization vector e of the spin-s current 

— * 

coincides with the polarization vector e, namely e — e, and therefore in the light cone 
coordinates, ^ = |(7~. This is all we need in order to extract the coefficient of the 
corresponding three-point function. Now we have 



-2s-3 



(2.-1)! 

^s+s+l 



d ud V cosh(iiv -|- uv) 



V^A^{P--(T')V-1 

z 



— 52 



X 



-v'Ev / „~ 



vSta ^St.v)^{uxa ^xti)'*(?.^^ 



(x-)^+^'(F)2^~+i 



(mxm) 



s—s 



X^ 



= -s • 2" 



s-s-2 I j4„ 74 



d ud V cosh.{uv + uv) 



v^A^{p--a')v-l 



— 



(4.82) 



z' 



s+s+l 



X 



-vTiV , 



wxcT ^xu)*(mx(T ^xm)*(mx(T xm)^ 
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Then, the integral (I4.59P is given by 



(Txdzz J"* 



s-2 



-s-s-2 



d xdz- 



d ud V cosh(uf + uv) 



vcr V 
— 5^ 



s2 



-s-s-2 



(s-5)!((25)!)2 / d^xdz 



Z' 



s+s-l 



„2'i2s+l|';j;2'i2s+l 



X I ^^ + 1 
— 



j=]=o 



d\d\ cos\i{uv + ^,^)e-^^^+J"+>"e';(''^+'^^)^e''("''""^^) 

(4.83) 

In the first step above, we integrated by part in z. In the second step, we turned the 
integral into a generating function that involves a Gaussian integral only, and extract 
the coefficient of (^'^■'^rj^-^ in the end. We have also introduced a "polarization spinor" A, 
or A = cr^A, which are related to the polarization vector by cr~| = A^A/j, or equivalently 
(T^l = AqA^. For instance, we can then write (mx(T~^xm) = (mxA)^. 

After performing the Gaussian integral, we have 



I^=\S) = s2-'-'-\s - 5)!((2§)!)2 / d^xdz- 



ri,2\2s+l r ^2\2s+l 



det(l — r^xcr xS) 



— 



-^ + 1 



g(i+CAx)(l-»7Xcr xE) i»7X(T xj (.QgJ^ 



j=i=o 

s2-'-~'-^{s-rs)\i{2S)\Y I d'^xdz 



(j + CA5)(1 - r/x(T"xS)"^CxA 
1 



X exp 



C^Ai(l -r7X(T"xS)"^xA 



2,2'j2s+1^^2^2s+l 
7] 



det(l — r/xcr xS) 



— 



Tr_ 



cr^(l— ?7xcr xE) xo" x 



— 



X exp 



Ax(l — T^xa xS) ^xcr xo"^(l— ?7xo" xS) ^xAj> 



yS+S— 1 



;x2)2«+i(52)2--+idet(l-r/xa-xS) 



C^Tr+ ( (1 - r7xa"xS)"^xa"^S: 



— 



Tr. 



1^1 — r/xcr xE) XO" xcr 



— 



Tr, 



1 — ?7xcr xS) ^X(T xcr^(l — r^xcr xS) ^xa ^x 



(4.84) 

where Tr i and Tr„ stand for the trace over the chiral and the anti-chiral sector, re- 
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spectively. To proceed, let us collect the following useful formulae, 

S = dct(l — r^xa^xE) = 1 — xa^x} 
— 1 — r]{a z^,2x x — xa} 



= 1 — izrj 



2z 



X 



2iX ' XX 



x^ 



x'^ 



2x ■ X x'^ 



x" x^ 

2" 



+ — Axcr^A 



X 



x^ 



Tr 
Tr 
Tr 



= 1 + ?7— {Xxa'X - x'^X^a^X) , 
(1 — ?7X(j~xE)'^X(T~^x 

1 — 77X(T~xE)'^X(7~X(7^ 



= Tr, 
= 2^Tr 



xcr ^x — jyExcr xxcr ^x 



= AxxA, 



— 4zx , 



1 — ?7X(T xE)'^X(j" 

(1 — 77X(7~xE)^X(7~X(T^(l — 77X(7~"xE)^X(j~^xj = Tr+ (x(T~X(7^X(T~^x) = 42;x~(AxxA). 

(4.85) 

Using them, we can simplify the expression for I^~^{5) drastically. 



yS+S — l 



(a;2)2-+i(F)2^-+i det(l-r7xa-xE) 
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C^AxxA 



det(l — ryxcr xE) 
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C=^AxxA 



^ s2-'-'-''{s-s)\{2~s)\ I d'xdz 



(Axf^A) 



2s 
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s2-^'-^ 



s + s) 

5:^(Ax(T"A) 



(^2)2s+l(p)s+5+l 

s— S— 1 



(Axd^A-x^Aj^a^A)' 



s + s 



(Axa^A - x^X§a'X) 



= 2 



-2s-2s-2„| 



7r2r(s + s+ -)(Aj^cT"A)^+^ 



(4.86) 

In the last step, we have again used the integration formulae in Appendix B. Similarly, 
we have an identical contribution from — 2~^*~^*~"^7rir(s + s + \)(X^(t^XY^^ . 

Putting them together, we find 



rA=l 



{5) = 2 



-2s-2s-l 



7r2r(s + s + -)(A5^a"A) 



z\\s+s 



= ^r(s + s + l)(5-5T+^- 



(4.87) 



where in the last step we replaced AA by cr ^ — 2^a^. Now we have the boundary 
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behavior of the outcoming scalar field B^^'^^^x, z), 

lim.-5(°'°)(x» ^ C{srs;0)j^^§^ (4.88) 
in the S/\x\ — limit, where the coefficient C{s, s; 0) is given by 

Cisrs;0) = -^Tis + :s + l) (4.89) 

Note that even though we have assumed s > 5 in the computation, the result for 
C{s,s]0) is symmetric in s and 5 by a naive "analytic continuation" in the spins. A 
particularly intriguing case is when s = s. Naively, the three point function C{s, s; 0) 
vanishes identically, as discussed earlier. In fact, there are no such cubic couplings in 

the bulk Lagrangian! But a formal extrapolation from C(s,s;0) for s ^ s suggests 

1 

that in fact C(s, s;0) = — ^r(2s + |). We believe that this is a singular feature 
of Vasiliev theory. For instance, if we assume that there is a non- derivative cubic 
coupling involving three scalar fields, with boundary condition such that they have dual 
dimension A = 1, then the corresponding tree level three-point function would diverge, 
from the integration of the product of three A = 1 boundary-to-bulk propagators over 
AdS^. While it is a priori unclear how to regularize such a computation, we have seen 
that by a formal analytic continuation we can compute such three point functions in 
Vasiliev theory. Similarly, we suspect that there are "vanishing" derivative couplings 
involving a scalar and a pair of spin-s fields, together with a divergent bulk integral 
gives the nonzero coefficients C{s, s; 0). Potentially, if one can extend Vasiliev theory 
to AdSd for d = 4 — e, such three-point functions could be computed using dimensional 
regularization. 

We expect that corresponding three-point function in the dual CFT to behave as 

( J,(0; e)MS; e).Mx)) ^ g^C{s, s; 0)-^-§^, ±- ^ 0. (4.90) 

In the next section, we will compare our result fl4.89p to that of the free 0{N) vector 
theory in three dimensions. 

4.5 Comparison to the free 0{N) vector theory 

In this section, we consider the free CFT of massless scalar fields in three dimensions, 
in the 0{N) singlet sector. We may alternatively think of the theory as defined by 
gauging the 0{N) symmetry and then taking the gauge coupling to zero. We will 
first examine the spectrum of operators, which consists of higher spin currents, and 
compute their correlation functions. 
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Let us denote the massless scalar fields by z = 1, ■ ■ ■ , A^. A class of primary 
operators are spin-s currents of the form 



+ ■ 



(4.91) 



where ■ ■ ■ stands for similar terms with the derivatives distributed in various ways on 
the two 0*'s. We demand that Jg are conserved currents, with the indices /ii, ■ ■ ■ 
symmetric and traceless. These conditions fix J^^...^^ up to an overall normalization. It 
is convenient to introduce a polarization vector e and write Js{£) = Jfj,i---n,£i ■ ■ ■ ^ni 
Js for short. The explicit form of Js will be determined shortly. Note that in the 0{N) 
theory only the even spin conserved currents exists; the 0* bilinear operators with an 
odd number of derivatives are always descendants of the even spin currents. 

The currents can be packaged in a generating function 



(4.92) 



s=0 



The conservation and traceless condition on the currents can be implement on the 
function f{e,u,v) as 

{u + v).dJ = B'j = 0. (4.93) 



Further, by the massless equations of motion, we may assume u"^ 
The equations (I4.93p can be solved in three dimensions by 

a± = u — V ± \ l u X V. 



U ■ V 



in f{e,u,v). 



(4.94) 



In particular, we may take the function / to be 



e^"-")-" cosh 



(4.95) 



Correspondingly, the generating operator 0{x; e) is given by 



0{x; e) 



[X — e 



n=0 



(2£2K-^.-4(£-K)(£-^.; 



{2n)\ 



[x + e) 



(f)'(j)\x) + (j)\x) d f,(j)\x)e 



+ 2 



0*(x) d ^ d ,(l)\x) - 2d(^^(l)\x)d,)(f)\x) + 25^,d''(f)\x)dpf{x) 



e^e" + ■■■ 
(4.96) 

In the second line, we exhibited the spin 0, spin 1 (which vanishes identically in the 
0{N) theory) and spin 2 (the stress-energy tensor) currents explicitly. The connected 
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n-point functions of the currents can be easily computed via 



no(2.;3))=^E^»n 



ii=l 



1 



COsh(\/ 2£^Vj • j - 4(£j • • "^i)) 



X- 



Fi ~ ^^i+i + £i + £i+i\ 



(4.97) 

where P^- stands forthe permutation on {xf, Si) by a, and the product is understood to 
be of cychc order; d and ~^ act on their neighboring propagators only. In particular, 
the two-point function can be written as 



{0{xi;ei)0{x2;e2))^2N- 



X COS. 



2^12 + £1+^2 
h(^2£i^2 • ^2 - 4(£2 • ^2)(£2 " ^2)) 



COSh(^2£2^1 • "^1 - 4(£i • • "^i)) 



F12 ~ £1 ~ £2 



(4.98) 

It is not immediately obvious that by expanding this expression in powers of Si and 
62, we will find an orthogonal basis of currents. Without loss of generality, we can 
assume that £ is a null polarization vector. We will sometimes work with the light 
cone coordinates, such that e'^ — l,e~ — e-^ — 0. Then the current Jg can be written 
explicitly as 



(2n)! ^ k\(s-2n-k)\ 

n=0 ^ ' k=0 ^ ' 



,n+k j^i QS-n-k Ai 



(4.99) 



We will assume s is even from now on. The two-point function is then evaluated as 
(J,i(f, £1)7,2(0, £2)) 



2N —e 

\x\ 



(ei+s2)-'9 COS ( 2\/£i ■ ^£1 ■ ^1 COS f 2\/£2 ■ ^£2 ■ ^1 e-^''+''>^ — 



\x\ 



Si S2 



k=0 i=0 



{2ky.{2ey. 



si-2fc S2-2e 

E E 



(-) 



m+n+k+i 



n=0 m- 



^ n!m!(si - 2k- n)\{s2 -21- m)\ 



X 



ex ■ df^'\e2 ■ a)^+™- 



\x\ 



£1 • a)^i-*=-"(£2 • &) 



S2—(-—'m 



\X\ 
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Si S2 



si-2ks2-2e 



X 



^ y„+n+k+e+a+h k+n si-k-n 

n!m!(si — 2k — n)\(so — 2£ — m)\ 

E E 

fe=0 e=0 ^ ''^ '' n=0 m=0 ' ^ ''^ ^ '' a=0 6=0 

A; + n\ /si - A; - n\ 2^i+^2-a-6 ^ 

r(n + m + A; + £-a + -) 

y TT 2 



, , , 1, (£ + m)! (s2-£-m)! 
xr(si + S2-n-m-fc-£-6+-) v ; Vi ; 



2' (£ + m - a)! (s2 - - m - 6)! 



X 



2^si+S2-a-b+l 



The summation can be performed, giving the result 

1?'t^-\v{s + i) (£i -e^x^ - 2ei • 



(J5(f,£l)Js(0,£2)) = NbssCs 



X] 



\x 



2^2s+l 



(4.100) 



(4.101) 



Here = 1 for s > 2 and cq = 2. It is often easier to work under the assumption 
Z\ = Z2 = £-1 in which case we simply have 



{Js{x,e)Js{Q,e)) = Na 



22v-ir(s + |) {x-f' 



s\ 



(4.102) 



where we used the light cone variable x~ — 2e ■ x. 

Now we will calculate the three-point functions of these conserved currents. As a 
warm up, let us first consider the correlation function of two scalar operators and one 
spin-s current, 

1 



(Jo(fi)Jo(x2)J.(0;£)) = 87V 



1 



e^^+cos ( 2X\l 'd + d+ 1 e 



\Xl2\ \X2\ 



PI 



F12 



n=0 



(2n)!(2s-2n)! 



F2 
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Fi 



n=0 



n!(s-n)! | xi] 2^^+11 0:2 P^-^^+i 



(4.103) 



'2 



\Xl2\ 

vr-^r(s + |: 

s!|a;i2||a;i||a;2| V^i ^ 

2V-3r(s + i),^ 
= SAT— ,, ,, ^ ie- A ^ 

s!|a;i2||xi||x2| 

where in the first line, d+ is defined to act on both xi and X2. In the last line, 
— p. In the limit where the two scalar operators collide, X12 = 5 ^ 0, we have 



{Jo{x)Jq{x - 5)Js{^]e)) ^ m 



2^7r-^r(5+|) 
s!|5|(x2)-+i 
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(4.104) 



This will be compared to C(0, 0; s) in Vasiliev theory. On the other hand, in the limit 
where one scalar collide with the spin-s current, say X2 = 6 ^ 0, we have 



s\\6\{x^) 



(4.105) 



This coefficient should be compared to C(0, s; 0). Note the different polarization depen- 
dence in the two limits f l4.1U4p and fl4.105p . These indeed agree with the structure of 
the propagator )C{x, z\y, dyi) we used to compute the boundary expectation value of the 
B master field. We can normalize the two point function ( I4.102p to Cs(£'- a^)^*(x^)~^*~^, 
by defining a normalized current 



J™(x;£) =iV-2 2- 



-2s 



7r2 s! 



r(s + 



(4.106) 



The normalized three point function coefficients Cqos for the free 0{N) theory are given 
by 



(4.107) 



s\ 



Next, let us examine the three-point function of one scalar operator and two higher 
spin currents. 

(Jsi(fi, ei)Js^{x2, £2)^0(0)) 



8iV 



-^e-"i-^ cos(2V£i ■ fci ■ 5t)e"^-^^e-"2-^ cos{2J 82 ■ &2 ■ S)e"^-^ A 

Fl F12 X2 



8iV22-+^-vr-ir(.i + \)T{S2 + ^) E £ 



n+m 



2' (2n)!(2m)!(2.i - 2n)\{2s2 - 2m)! 



(^i-^i)'^^-"- 



(£2 ■ 



l^ilJ 

m7^-'v{s, + \)v{s2 + \)Y,Y, 



'2) 

SI S2 



F2 



(£1 ■ ^^ne2 ■ 82)' 

2Si+S2+n. 



F12 



X 



(£1 ■ xi)^i-"(e2 ■ a;2)^2- 



'>Nir~'nsi + \)ns2 + \)Y.Y. 



|2;j^|2si-2n+l |2;2|2s2-2m+l 
1 

2 

E 

fc=0 



2' ^-^ (2n\\m\(s\ — n\\(s2 — fn\\ 

n=0 m=0 \ ' \ ' ^ ' 



(£1 ■ a;i)^i-'^(e2 ■ xa)^^-™ 



2' ^ (2n)!m!(si - n)!(s2 - m)! |a;i|2«i-2"+i|x2|2«2-2m+i 

n=0 m=0 ^ ' ^ ' ^ /II II 



m!)2(2m + 2A;)! 



£1 ■ £2)" (e^i ■ 2:12) (^2 ■ 3:12) 



m— n+fc 



2^ V^/ (2"^)K"^ + ^)K^ - ^ + 



|a;i2| 



2m+2k+l 



(4.108) 



52 



Let us focus on the special case £i = £2 = 



{Js,{xi,e)Js2{x2,e)Jo{0)) 



8iV2.-,-.r(.. + l)r(., + i)X:x: (-)"P™ + 2,o. 

1 

{e ■ xiY^-'^ie ■ XiY^-'^ie ■ X12) 



2' 2'^^^^{2n)\{2m)\{si-n)\{s2-m)\{n + m)\ 



|2si— 2n+l l^;^ |2s2— 2m+l |2;j^2 |2'^+2n+l 

(4.109) 

In the hmit where the two higher spin currents colhde, X12 = 5 — )■ 0, corresponding to 
the coefficient C(si, S2] 0), we have 

{US,e,J.,(3-le)M0)) ^ 8iV2-^-^.-i ^'" + ^' j^'f;;^" . (4,110) 

Observe that, modulo the factorized normalization factor associated with each current, 
this three-point function has precisely the same dependence on si and S2 (namely, 
r('5i + S2 + |)) as the tree-level three-point function coefficient C{si, S2; 0) of Vasiliev 
theory! We would like to emphasize that the computation of C{si, S2', 0) in the previous 
section was highly nontrivial: a priori, it wasn't even obvious that C(si,S2;0) would 
be an analytic function in si and S2- Also, recall C(s,s;0) is naively zero in Vasiliev 
theory, and we argued that its appropriately regularized answer should be given by the 
analytic continuation from C{si, S2] 0) for si 7^ S2. As expected, the coupling constant 
g of Vasiliev theory scales like N~2 of the free 0{N) vector theory. Let us emphasize 
that the relative normalization on the spin-s currents in Vasiliev theory can be fixed 
independently, through the computation of C(0, si, S2), as we will perform in section 
6.1. We will then see a complete agreement with fl4.110p . and will determine the precise 
relation between g and N. 

On the other hand, in the limit X2 = 6 ^ 0, corresponding to C(0, si; S2), we expect 
{Js^{x,e)Js2{S,e)Jo{0)) to scale like \x\~'^^'^~'^\6\^'^~^'^~^ . To simplify the expression let 
us further restrict to the case e ■ a; = 0, so that (l4.1U9p becomes 

{JsMe)Js,{le) MO)) s.,=o = SNr^+'^Tr-'Tisi + ^)r{s2 + ^) 
(-)'"(2m + 2si)! {e-Sy^+'^ 

^ (9,MAU9.m)U.^. ~mM(.^. ^ 1^1 |A|2s2-2m+l _ X|2si+2m+l (4.111) 



(2si)!(2m)!(s2 - m)!(si + m)\ |x||5|2*2-2m+i|2, _ 



m=0 



Si\S2\ |X|2^1+2|<5|2«2+1' 

We will consider the corresponding computation in Vasiliev theory in later sections. 
Finally, let us consider the case of three general spins (si, 52,53), but with the 
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simplification that all the polarization vectors are the same. 

= 8N -^e-"i-^cos(2^£i • S^i • Sje^^'^^e"^^-^ cos(2^£2 • ^£2 • S)e"^-^^ 



F12 



X2 



Si 3 



1. 



X 



ni=0 i=l 



{e■^^r^{e■^2) 



Si 3 



2' {2n^)\{2si - 2ni)\ 



S2-n2 



P12 



(£-92r(£-93) 



S3— "3 



\X23\ 



[s-dsne-d,) 



si-m 



\X3l\ 



ni=0 1=1 ^ V « 



2ni)\ 



X 



(£ . 



ni-n2+S2 



F12 



(£ • 



n2— n3+S3 



F23 



(£ • as) 



ns-ni+si 



1 



kail 



(4.112) 

— * 

Further, writing xi — x, X2 — x — S, X3 — 0, and assuming e-x — 0,we find the answer 

Si 3 



ni=0 1=1 



2^(2n,)!(2s,-2ni)! 



X 



{e ■ ds) 



m— n2+S2 



n2-n3+S3 



8Nn-'^l[2'^nsi + bf2 



\x-S\ 
1 



n3-ni+si 



\X\ 



2 (2n2)!(2s2 - 2n2)!(2si)!(2s3)! |x| 



X 



(e ■ ax)*i-"2+s2 



1 



1 



x-5\_ 
1 



(4.113) 



S3 



\x-S\ 



3 985, 



23--r(,s, + i) 1 r(,si + ,s, + ^) • ())-^+-^ r(,s3 + 1) (r • d'r 

\ (2si)! r(i) \S\2s,+2s,+i r(i) |x|2^3+i 

^ o ..o.+..+.3 r(^i + ^2 + |)r(.3 + 1) (£ • c5)-^+--+-3 

7r(si)!(s2)!(s3)! \x\2ss+2\S\2s^+2s2+l " 



5 The A = 2 Scalar and the Critical 0{N) Model 

In this section we consider the alternative boundary condition for the bulk scalar field, 
such that its dual operator has dimension A = 2. The boundary-to-bulk propagator 
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for the scalar field has the form C{x,z) = = z^j{x^ + z^)^. Let us now solve 
for the boundary-to-bulk propagator for the scalar component of the master field 5, 
analogously to section 3. 

oo 
n=0 ^ 

n=0 

= K\i - yj:y)e-y^y. 

When the outcoming field is a A = 2 scalar, we must also use the propagator /C(^)"^ 
as in f l4.54p and f l4.57p . In the next two subsections, we will repeat our previous 
computation of C(0, s;0) and C(s, s;0) with the A = 2 scalars (note that for the 
A = 2 scalar, C(0, s; 0) is not a special case of C(s, s; 0)), and then compare with the 
leading 1/\/N three-point functions of the critical 0{N) model. 



5.1 C(0,s;0) 

Now let us compute the three-point function coefficient C(0, s;0), where spin-0 refers 
to the A = 2 scalar, and s > 0. Note that unlike the A = 1 case, where the scalar 
is treated on equal footing as the higher spin fields, the A = 2 scalar is distinguished 
from the higher spin fields. 

Analogously to the A = 1 case, we need to compute the integral (14.571) . or (I4.59p . 
jA=2j^^-j is given by 



rA=2 



(5) 



d^x'dz' {z')-^J{x',z';0,S) 
1 f d^xdz 



2s(2s)\ J 2^2 



) {2va'v + s^) 



X 



{x~ 
s\ 



Yix^y 



IUX.UI 



(5.2) 



2s(2s)! 



d^xdz 



yS + 3 



f)2s 



2^2 (x-)Hx^)^ 



X^ 

1 

a;2 



" 7-^=21 



Note the additional factor of 2 in front of va^v in the second line, coming from inte- 
gration by part in z. Be aware that in the last line, dx+ acts only on x and not x. The 
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generating function ^ is given by 



2 



det(l - AEx) 
2 



(1 - djEdj){2dja'dj + s2)gAix(l-ASx) 



j=j=o 



- 4A- 



2A2 



- ^) - ^\zx^ + 2(AV - \)x\\ - 



X 



2z^ 



x^ 



where we define, as before, 



x ■ X 



S = 1 - 2A^ + AXz-^ + X^x^, 



^ = 1 - 2Az + AXz 



x" 

X ■ X 



x^ 



det(l - AE^ { ^ ATr(Sx(l - AEx)"!)] ^ - 2ATr(c7^x(l - ASx)"^)^ 
-2A2Tr Ex(l - AEx)-V^x(l - AEx)"^] } 



(5.3) 



(5.4) 



When acting on with 9^+, we can equivalently replace S by ^ in /f^~^, and write 



= 2 9; 



|2s 



1 fs'^ + AXz 8Xz 



= 2 a; 



2'z' 



,2s 



s'-(s + l)(l 



A" 

2x • 

£2 ^ 



2s\l 



2x ■ X, 



x^ 



(5.5) 



Now continuing on the integral / (S), 
s\ 



rA=2 



^3^j ;92s 

2s(2s)!y '^'^'^^(x-)^(F)2'^-+x2 



.2 • (. + i)(i - '-^r - 2s\i - ^y-' 



x^ 



x^ 



2s{2 

X d: 



2s 



(x~)*(x2)2 ^ \ n 



^2 



s'-{s+ i)(i - ^)^ - 2.2(1 - %^r-' 



X^ 



X^ 



2-1^ I £xdzz^'+'Yl 



n=0 



s\ (x-)^-"(x-)" 

n) (a;2)25-n+l(p)n+2 



X 



£2 S £2 
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2^-1- / d^xdz- 



is + l){—-6- 



2s' 



— ~2 



2— ^7r5.r(. + -)(r)^ 



(5.6) 



Using (14.571) . we find the boundary expectation value of tlie outgoing A = 2 scalar, 

(5.7) 



z^Q A-2V > ; ^2L^4 



^^"''j^=2(5) = C^=2(0,.;0)-^^'^'^' 



|^|4^2s+l 



in the 5 — )■ limit. The coefficient ^(0, s; 0) is given by 

C^=2(0,.;0): 



vr 2 1 
2 ^ 2' 



(5.^ 



Taking into account the still undetermined normalization factors on the boundary-to- 
bulk propagators, the corresponding normalized three-point function in Vasiliev theory 
is related by 



A=2 
00s 



and 



^7^C^^=^(0,.;0) = ^7a.C-=^(0,.;0) 



A=2/ 



(5.9) 



where o'q is the normalization factor associated with the A = 2 scalar operator. Here g 
and as are the same coupling constant and normalization factors as in the A = 1 case. 



5.2 C(s,s;0) 

Next, let us turn to the computation of C(s,s;0), where s and s are nonzero spins, 
and the outgoing spin-0 field is subject to A = 2 boundary condition. Without loss 
of generality, we will assume s > s > 0. The expression of the source J(o) of for 
the spin-0 component of B{x,z\y,y) at second order is identical to the A = 1 case. 
The only difference occurs when we integrate J(o) with the propagator /Ca=2 to obtain 
the boundary expectation value. We perform the computation in the case where the 
polarization vectors e of the the spin s and spin s currents are identical, with ^ = e-a = 
\(y^ , (tT^^ = Aq,A^. Now we simply need to replace the integral I^^^{6) in section 4.4 
by 

I^=\S) = j d^xdzz~^J^Q^{x,z;0,6) 

= s ■ 2—2 J d^^dzj-^^^^^^^^^^ j d%d'v cosh(nt; + uv) (^-^-^ + 1 J 
X e'"^" {vSta~''i.vY {u:s.a~''x.uy {u:s.a~yiuy~'' 
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s2 



s-s)\{2§)\ / d^xdz 



('X2)2«+1('X2)2S+1 



(Ax£A)^ 

•^23+1 



s2 — s2 



2s 



^ ' (AxCT^A - x^X^a^ 



s + s 

2-2s-2s-2^2^p(^^g)(^^^.^) 



A) 



s— 1 



(5.10) 

In the second line, we again note the factor of 2 in front of va^v^ from integration 
by part in which is different from the A = 1 case. Similarly, there is an identical 
contribution from It then follows from fl4.57p that 



lim^-2i?i°f)(f,z)^ 



25- 



rA=2 



(5) = C^=2(.,S;0) 



s+s 



|-^|4^2s+2s 



where the coefficient '^{s, s; 0) is given by 

C^=\s,s]0) = -sr{s + s) 



s > s. 



(5.11) 



(5.12) 



C'^^'^{s, s] 0) is by definition symmetric in s and 5, and so is given by |sr(s+s) for s < s. 
Note that unlike the A = 1 case, C^^'^{s, s; 0) is not formally an analytic function in s 
and s, as one takes s across s. However, our result does suggest a "regularized answer" 
for the naively singular three-point function coefficient C^^'^{s, s; 0), as the two spins 
coincide. 

As we will see in the next subsection, in the critical 0{N) vector model, it is more 
convenient to compute the three point function {Js{xi) Js{x2)a{x3)) with x^ integrated 
over the three-dimensional spacetime; here a is the scalar operator of classical scaling 
dimension A = 2. To make the comparison, we would like to consider the same 
computation in Vasiliev theory, namely 



d'x(js{S,e)M0,e)OA=2{x: 



(5.13) 



For this purpose we can no longer take the S/\x\ — )■ limit, but instead must use the 
full expression of IC/\=2ix, z). We have 

-s-s-l /• /> ^/ 7 / r / -1 2 



d xlimz B 



2d(0,0), 



25 



2-1-0 



A=2V'^5 



x.z] 



-25 



-s—s—1 



d X 



d^x'dz' 



{x-x')^ + {z'Y 



d^x'dz' 



J(o){x',z';0,5) 



J(o)(x ,/;0,(5) 



(5.14) 
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The integral in the last line is in fact identical to that in the computation of C{s, s; 0) 
in the A = 1 theory. We then obtain the result 



d^xlimz 



2r(0,0), 



A=2V-^5 



X, Z] 



-7r2r(s + s+ ' 



2' ^2s+2s+l 



(5.15) 



Combined with the normalization factor o^^, this gives the integrated three-point 
function J (i'^a;(Js(5, e) Js(0, £)OA=2(a^)) in Vasiliev theory. 



5.3 Comparison with the critical 0{N) vector model 

In this subsection, we will consider the critical 0{N) vector model in dimension 2 < 
and calculate the three-point function of the scalar operator and higher spin 
currents to leading order in the 1/A^ expansion, namely N~^. While the computation 
described in this subsection have already appeared in |171 HHl SHI HHl [50] , the explicit 
results are not immediately available. The goal of this subsection is to extract the 
three-point function coefficients and compare to the conjectured dual Vasiliev theory, 
following the approach of Lang and Riihl [17]. 

The 0{N) vector model in ci-dimensions can be defined by the path integral 



DSDa exp 
Da exp 



-N I (fx 

Trln(-A + a 



N 

T 



d xa 



(5.16) 



where S = {Si, ■ ■ ■ , Sjy) are N scalar fields, and a{x) is a Lagrangian multiplier field, g 
is a coupling constant that will be taken to infinity at the critical point. In the second 
step we integrated out S to obtain an effective action in a. At the leading order in 
1/A^ expansion, the expectation value of a, which plays the role of mass square of the 
scalar fields S, is given by the critical point of the a-effective action. 



a = m 



d'^p 1 _ 1 



(5.17) 



where m? is solved to be 



m 



(47r)^^r(l - -)g 



(5.18) 



^We will only need the results in (i = 3 to compare with Vasiliev theory in this paper. It is 
nevertheless useful to have the formulae in general d. 
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Figure 2: The 1-loop contribution to {aaa). The dotted hues represent 
the effective propagators G{x) of a, while the solid lines are propagators 
of S. 



by analytic continuation in dimension d. In ci > 2, the critical point m = is achieved 
by sending g ^ oo. The authors of [17] considered a field a related to a by a = ia, 
which should be thought of as a real field in the path integral description. From the 
CFT perspective, it will be more convenient to work with a, which has positive two- 
point function in position space. The effective propagator for a, after integrating out 



~ , . 1 , 0.0 d , , d sin ^ rffi — 2) 



or in position space 



- V2 

16 



Note that for = 3, 7 = —16, 7a = > 0. The propagator for S is the standard one. 



Np^' N 47rf (x2)l"i N 

and the aSaS, vertex comes with coefficient —N5ab- 

We want to compute the three-point functions involving a{x) and higher spin cur- 
rents Js{x,e), to the first nontrivial in the expansion. While in general we don't 
know a priori the expression of in terms of the fundamental fields, we will extract 
them from the OPE of a pair of Sa{x) fields. 

Let us start with the 3-point function {a{xi)a{x2)oi{x^)) . Our convention is such 
that the two-point function of a{x) scales like The leading contribution to {aaa) 



^Note that our 7 differs from tlie notation 7 in ^47) by a sign, since we are working witfi a instead 
of a. 
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(a) (b) (c) 

Figure 3: The leading contributions to (SSSSa), from which we 
will extract {JsJg'a)- 



is of order l/N"^, and so if we normalize the two-point function of a, the corresponding 
3-point function will scale like 1 / a/ZV. This comes from a 1-loop diagram as shown in 
figure 2. It is evaluated as 

{a{xi)a{x2)a{x3)) 



■#-(2,^-i,^-i)M2,M-3)^^:^ 

iv z, z, •^12'^23-^31 

7^7i^fr(f-2mf-i)r(3-f) 1 



iV2 r(f-i)4r(d-3) xl^xlA 

(5.22) 

where we have used the graphical rules of |51j in the second line. We have used the 
definitions in [51] for the coefficients 

^ ' Tit) (5.23) 
v{ti,t2,t-i) = 7i^a{ti)a{t2)a{t3). 

Note that f l5.22p vanishes at c? = 3. This has been observed in |39] to match with the 
fact that there is no scalar cubic coupling in the bulk Vasiliev theory. 

Next, we will investigate the three point function of a with two higher spin currents, 
Js and Jg. The idea is to consider the five point function {Sa{xi) Sb{x2) Scixs) Sd{x4)a{x5)) , 
expanded around the limit Xi2, x^^ — )■ 0. The three point function {Js{xi,ei)Js{x2,, e)a{x5)) 
will be extracted from the channel Sab^cdi^ ■ XuYi^ ■ a;34)'^E The scaling in in the 



^Note that the higher spin primary currents in the critical 0{N) model are not expressed in terms 
of S bilinear in the same way as in the free 0{N) theory, even at leading order in due to the 

exchange of a. As pointed out in [35], even in the large limit, the currents of the critical 0{N) 
model cannot be embedded in the Hilbert space of the free 0{N) CFT. 
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SS OPE is of the form SS ~ N~2 ^ J^. The leading nontrivial contribution in the 
expansion of (SSSSa) is of order A^~^, corresponding to the normahzed three- 
point function {JJ{y/Na)) at order N~^. The relevant diagrams are a 1-loop triangle 
diagram (figure 3(a)), a disconnected tree diagram (figure 3(b)), and a connected tree 
diagram (figure 3(c)). 

The one- loop diagram in figure 3(a) is evaluated as 



Ar4 



1 



(X5 - ^3)^(^1 - z,ny2 - Z2nxr - z,r~\x2 - z,Y~\x, - z^Y'^x, - z^y-Vu'yls'Vu' 
^ '^ \l^lv{2, d/2 - 1, d/2 - iyv{2, 1, - 3) 



X / d'^Zid'^Z2 



(X5 - ZiY{x5 - Z'2)'^z\^{Xx - ZxY-'^{x2 - Z^)-^ '^{xj, - Z2Y ^(2^4 - 2^2)'^"^ 

(5.24) 

where we write for (x^)"/^ for short. We are interested in comparing the overall 
coefficient of {JsJga) to that of Vasiliev theory. For this purpose, it is sufficient to 
consider the three-point function with the position of a{x) integrated out. Integrating 
over X5 drastically simplifies (I5.24p : it reduces to 



- ^7«75^(2, d/2 - 1, d/2 - 1)^(2, 1, d - 3)t;(l, 1, - 2) 

X jd Zid _ ^^)d-2(3,2 - ZiY-\x3 - Z2Y~^{xa " ^2)'^-^ 

- ^'"'^'''-llllv{2, d/2 - 1, d/2 - 1)^(2, 1, d - 3)v{l, 1, d - 2).(4^)'^'2'^"' 



(5.25) 



^4 V ' ' ' ' . V > > . V > > ' a{d-3) 

d'^P 



J (^n^21,P)/(x34,P)(P^)'-V^-^- 

where we have Fourier transformed 2:12 into the momentum variable P, and defined 



I{x,P) 



{27TYk^{P-kY 
1 



2 

00 



sm ^ Jo 



(4^)-^/2_Z_(p2)./2-2 I [^(1 _ ^)]<./2-2 ^.P...(l_,) 



k\ 

k=0 



^{i-Ox^p'^Y^^-''^^ 1 f^ii-ox^p^^''' 



T{k + 3-d/2)\ 4 J T{k + d/2-l)\ 4 

(5.26) 

where in the second line, we have integrated out k using Feynman parameterization, 
and expanded the resulting Bessel function in powers of P^. As pointed out in |17] . 
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the higher spin currents Js arise from only the second branch, involving integer powers 
of X for general non-integer values of dimension d. In fact, the correlation function 
involving the primary fields Jg come from the = terms in the second branch only, 
whereas the /c > terms are contributions from the descendants of Js- The spin-s 
component is therefore extracted from the = 0, 0{{x ■ PY) term in I{x,P), which 
we denote by 



r(f -l)sinf ^ 
2-^7ri-f rf^ + s - 



sm 



s\r{d + s-2) 



{ix ■ py 



(«P-x(l -0)' 



(5.27) 



The contribution to the integrated three-point function / d'^x{Js{S,e)Js{0,e)a{x)) is 
extracted from fl5.25p to be 



r^rsvC^, d/2 - 1, d/2 - iyv{2, l,d- 3)vil, l,d-2) 



a{d — 3) 



X 



d'^P 
{2nY 



2\3-dJP-5 



/(,)(e,P)/(,)(e,P)(P^)^-V 



■^-^^hlv{2, d/2 - 1, d/2 - 1)\(2, l,d- 3)v{l, l,d-2) 



a{d — 3) 



sm 



2/^Td■^ 



X 



ni+s-i] 



1) 



s\T{d + s - 2) §\T{d + S - 2) 



{e-dy{e-dy 



47r2 (52)2 



2^1-1 



(5.28) 

Next, we consider the contribution from the disconnected tree diagram in figure 
3(b), of the form {Sa{xi) Sdx^y {Sb{x2) Sdix/yja^x^y . There are 4 such diagrams, re- 
lated by exchanging Sa{xi) with Sb{x2), and Sdxs) with Sdix^). After integration over 
the position of ^(xs), they give 



- ^7a7|^(2, d/2 - 1, d/2 - l)v{Y 1, - 2) 



^ac^bd 



1 



+ ^ad^bc 



(5.29) 



Xxir/^-^ ixi,r/'-^j\ 

Since we are only interested in 0(A^)-singlets, we will restrict to the 6°"^ 6'^'^ channel of 
fl5.29p . which is obtained as N~'^6abScd J2e fi'^ei^'i-)'^!^^^)) i^e(^2)S j^x^ja^x^y+S more, 
namely 

^ab^cd 



-7.75^(2, d/2 - 1, d/2 - l)vil, l,d-2) 



+ 



+ 



+ 



(xy-^/^-i [{x,, + x2i + x,,YP^-^ {{xu + xuyy/'-' {{xis + x^iYy/'-' 

(5.30) 
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The contribution to / d'^x{Js{S, e)Js{0, e)a{x)) is extracted as 



7„7|t;(2, d/2 - 1, d/2 - l)t;(l, l,d- 2) — {e ■ dYie ■ d) 



s\s\ 



(52)^/2 



-1 



(5.31) 



Finally, let us consider the contribution from the 4 connected tree diagrams in figure 
3(c). After integrating out the position of a{x), applying repeatedly the graphical rules 
of [51], we obtain 



^,^,|.(M/2 - M/2 - DMi. M - 2) jH^!^ 



X 



J k2t^) 



Extracting the contribution to j d'^x{Js{S, e)Js{0, e)a{x)) , we have 
^.J,M2. ./2 - M/2 - 1) VI. M - 2) 



(5.32) 



X 



d'^P 



T{d+s-2) 



sin(^)s!s! 

^7^7|^(2, d/2 - 1, d/2 - 1)^(1, l,d-2) 

2-'^7ri-f 



{iP ■ xs^YiiP ■ xuY + {s^ s, X34 ^ xu) 



2'^-'^T{d/2 - 1) 
a{d/2 - 1) 



X 



sin(f^)s!s 



nl + s-i) r(f + g-l) 
r(d + s-2) r(d + 5-2) 



(e-9)"(£-9)' 



r(f-i) 



47ri (52)1-1 



(5.33) 

Putting these together, the total contribution from the diagrams in figure 3 is given by 



e)a{x)') 

f/w/(5)(..9r(.-9r^. 



(5.34) 



where 



1 - 2''-'n—^ 



r{d + s-2) 



(5.35) 



Here the notation Js{x) standards for the primary currents Jg together with a linear 
combination of descendants of lower spin currents, which appears on the RHS of the 
OPE 



5, 



^,(x)^,(0)~^x^^---x^^J^,...,,(0) + 



(5.36) 
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If we further set £ = £ to be null, and d — 3, we obtain 

(fx (ls{S, e)ls{Q, e)a{x) 



(5.37) 



where f{s) is now given by 



m = 77 



1-2- 



r(£+i) 

7r2s! 



(5.38) 



The mixed currents Js are related to the primaries in a general form Js{x,e) — 
Js{x,e) + ^lZoc{sjf)i^ ■ dy~'^Jr{x,e). In order to determine the operator mixing, 
we consider the two-point function of Jg, by extracting from the four-point function 
{Sa{xi)Sb{x2)Sc{x3)Sd{xi)) , expanding it in the channel SabScdO{xl2)0{xl^). At leading 
nontrivial order in 1/iV, there are two disconnected tree diagrams related by exchanging 
X3 and X4, and a connected tree diagram with an a propagator. The total contribution 
in the Sabred channel is 



J^OabOcd 



+ 



ATS 



(5.39) 



42{X1 - Z^Y-\X2 - Z^Y-\X^ - Z2Y-\X4 - Z2Y-^' 



As before, we can turn the integration over zi^ Z2 in the second line into a momentum 
integral of the form J -^:^I{x2i, P)I{xs4, P)(P^)^~ie'^'^". Expanding this in X12, X34, 
we can extract the two-point function 



{Js{x,s)Js{0,e)) 



S\S\ I x 

'd 
^2 



d-2 



{e-dy{e-dy 



d-2 



X 



+ 



{e ■ dy 



d-2 



X 



{s ■ dy 



d-2 



X 



22<^-T(d - 2)r(| - 2) 2-2^-'^ T{s + f - 1) r(5 



^ r(2 - 1) sm\f) s\r{s + d-2) s\r{s + d-2y ' ^ ' x^^-^ ' 

(5.40) 



Restricting to 0? = 3, and setting e = e, we have 



)S+s— 4 



{Js{x,e)Js{0,£)) 



r (s + |)r(g+|) 

Tresis! 



1-2- 



s + s)\ V7rr(s + s + |) 



+ 



s\s\ r(s + i)r(5 + i) 



[£ ■ X 



2\s+s+l ' 



(X 



This allows us to determine the operator mixing. 



IN V2 



Js{x,e) = 



(2r)! 



J_r(£+i) 

VN 27ri ^ (s-2r)!(s + 2r)! 
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e-dy-''J2r{x,e) 



(5.41) 



(5.42) 



where Js{x,e) are normalized such that 



1 T(s + h {e- X, 



2s 



{Js{x,e)UO,e)) = 6s,N2'^n--^ ' ^ ) (5.43) 



s\ ^a;2)2«+i 

i.e. the same normahzation convention as the current Jg in the free 0{N) theory in 
section 4.5. The normahzation factor f{s) in fl5.38p can be written as 

^^^^^ (s + 2r)!(s-2r)!' ^^'^^^ 

From this, we determine the integrated three point function of the primary currents, 

d'xU{le)Js{0,e)a{x)) = ^{e-dy^'^ 

I'^l ^ (5.45) 

S\s\ §2s+2s+l ■ 

To make comparison with our result f l5.15p in Vasiliev theory, let us define J[){x) = 

_ 1 

N'ja'^ <y{x), so that the two-point function of Jq{x) is normalized in the same way as 
Jg's. Now we expect 



fd^x{M5,e)M0,e)J^{x)/ ^. . 



{JqJq) asa-s J 



where {J'qJ'q) = is the coefficient of the two point function of Jg (follows from (15.201) ). 
Recall that is the normalization constant associated to the spin-s boundary-to-bulk 
propagators, and is that of the A = 2 scalar. We will determine in section 6.1 
that ttg/aQ = 2"^s\, and that g/aQ = —16/tt. We then see that fl5.46p precisely holds 
provided the identification = |ao. We conclude that our result for the integrated 
three-point function of two higher spin currents with the A = 2 scalar from Vasiliev 
theory indeed agrees with that of the critical 0{N) model. 



6 More Three-Point Functions 

In this section, we will compute the tree level three-point function coefficients of Vasiliev 
theory via the boundary expectation value of a higher spin outcoming field at second 
order in perturbation theory. These computations are more involved than the cases 
we considered previously, where the outcoming field is a scalar. In particular, the 
computation of C{0,s;s') for s > s' in section 6.1, combined with earlier result on 
C{s, s'] 0), will allow us to determine the relative normalization of the boundary-to-bulk 
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propagators in Vasiliev theory that correspond to the spin-s currents with normahzed 
two-point function, and consequently fix the normahzation of all three-point functions 
up to one overall constant, namely the coupling constant g of Vasiliev theory. We will 
find complete agreement with the correlation function of one scalar and two higher spin 
currents in the free 0{N) theory. 



6.1 C(0,s;s') with s > s', and fixing the normahzation 

Let us revisit the computation of the three-point function coefficients of one scalar 
operator with two higher spin fields, but take the scalar operator to be a boundary 
source, rather than the outcoming field. There are two distinct cases, C{0,s]s') for 
s > s' and for s < s'. The former receives contribution from the source J^{y) only 
(recall fl4.23p ). whereas the latter comes entirely from J'{y). It turns out that the 
computation in the first case, s > s', is easier, as we shall perform in this subsection. 

To compute the spin-s' component of J^'^'\y) = J^iy)\y2s', we need the (2s', 0) and 
(2s' + 1, 1) components of J^^ in its {y,y) expansion. 



z 

s' + 2 



a/3 



z 

'2 I - z 



n^^*B- 13* 7i{n 



s' + 2 



-a 



y^{Q.*B) + i2s' + l)d^d^{Q.*B] 



E 



s' + 2 



g2 _ ^2 



ay^d, y''{d^d,ni.*B) 



2s' + 1 

s + n 



da^l^ * d°B 



yla ^y=Q 



— / d^ud 



s' + 2 



s'^ — n? ^ 



(T^)v {yv)Q'^_^_{x\y + u,u)B{x\y + v,v) 



uv + 2 

+ (2s' + 1) ^l+ix\y + u, u)B(x\y + v, v) 

s + n 



In the third line, we have made the replacement —B*7[{Q 



(6.1) 



af3 Ij;^" ,y=0' 
{s—l+s'—n,s—l—s'+n) 



This is because the contribution comes from taking the star product of 
and 1^1 < g' ^ where s — s' — 1 pairs of y's and s — 1 — s' + n 

pairs of |/'s are contracted to get a term of order y^'^'. The sign is such that —B * 
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^(^a/3)ls,2»',y=o = * ^ly2=',j;=o- Similarly, for our gauge choice, QP^^ ~ 

and d"d^{VL^p * B) = fi^^ * d°'d^B, and so the same argument can be applied to the 

second term in the third line of (16. ip . In the fourth line, note that the sum is over 



n 



s', as these are the only components among the spin-s field Q 



{s—l+n,s—l—n) 



to J(^'). 



Let us recall the formulae for the boundary-to-bulk propagators of the relevant 
master fields, and with n > for the spin-s field sourced at x = 0, and B 
for the scalar field sourced at x = 6. 



(2s - 1)! (x-)^+" 



{y^a-^^yTdl^ ^^^^^^ 



s2 



-s-l 



Z 



[X 



2\2s+ 



-s-l 



Z 



2^2s+l 



(?/xo-~'=x?/)"(yxa"x?/)' 



(6.2) 



B = ke-y^y. 



Here we have worked in the light cone coordinates in which the null polarization vector 
of the spin-s current is = !,£" = £"'" = 0. Let us decompose J^^'^ according to the 
contributions from the components + , J^*-*'-* = Yln=-s' ^ ■ ■^'-'^ each n > 0, we have 



-s2- 



-s-l / j4„ t4 



d ud V 



z r. s' + 2 {u-y){v-y) + 2 
.^—^dyip —a )v[yv) + (2s + 1) 



s^ — 



z 



s + n 



x(Mxa"^xM)"(Mxa~xM)"-"e-^^^e(""^)(''-^)+"^ 



Z' 



(2,2)25+1^2 



J 



(s') 



-s2 



d'^ud'^v 



^ o /<A 2 ^, , , , _^.(u — y)(v — y) + 2 

dy{p (r'Myv) + 2s' + 1 ^ ^ ^ 

z s — n 



g2 _ y 



x(ux(T-^xn)"(Mxa-x?i)^-"e-''^^e("-^)(''-^)+^^- 



Z' 



(6.3) 

where we have shifted the integration variables u,v in comparison to (16. ip . We will 
calculate (16. 4 p from a generating function. As before, we introduce a polarization 
spinor A = cr^A, with o"7| = A^A^, so that (wxcr^^xn) = (uxA)^. We will make use of 
the generating function 



1 



S(r) 



exp 



exp 



1 



T rj^Ka X 



S -1 

1 r^xa^xA /(t" - il'^^'^~^)ju 



(6.4) 



-S -r 



(r - riiLa-ii.Ts)]i 
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where S(r) = det(r — r/xa xE) = — rr7Tr(xcr xE). Now for n > 0, (16 ■4p can be 
rewritten as 



g2 _ V 



dJB- 



s' + 2 



-a 



)d-Ayd,) + {2s' + 1) 



x^(^2/ - CxA, -ry + j,0,j) 



z 



s+l 



Ji^2 = -{2n)\{s - n)\s2 



-s-l 



^2 _ ^2 y 



dJ0- 



s' + 2 



z 



a^)d-^{yd,) + (2.' + 1) 



2 + dr 

s + n 



2 + dr 



s — n 



xI{Ty,-Ty + j, -CxA,j)|, 



yS+l 



y2s'(;2n^s-n ^^2^2s + 1^2 ' 

(6.5) 

To proceed in the n > case, we shall collect some useful formulae involving special 
cases of Hju, jvjajv), 



^(^y-CxA, -ry + j,0,j) 



^ exp ^ ^ (j — ry) (r — r^Excr x) (ry — (^xA) + r/xo" x(r — r^xa xE)j 

1 



exp 



r 



(j - ^y) (t" - '7Sx(T x)y - CxA + ?7X(j xj 



/(ry - CxA, -ry, 0, 0) = — - exp <^ -^^i-^y (r - r/Exo" x)?/ - (xA 



1 



^(^. 
1 



-exp 
exp 



2t'^kx 



A(fi;?7Excr x + (^xcr^)A 
Kr7Tr+(Sxa^^) — ( 



(6.6) 



and its derivatives, 
{dr + 2)1 (ry - CxA, -ry, 0, 0) |^^^ ^ 



_^ 2k,x (Kr7Tr_|_(Sx(T ^) — () 



2kx~ (rer;Tr_,_{Ex(T~^)-C) 



1 



■^2 



A , ^ 
1 + - 



(6.7) 



= —-;i^{dya^dj)y ( r^Sxo" xy + CxA — t^xct xj j exp < —y ( rySxa xy + CxA — 77x0" xj 



{dya'dj){ydj)I{Ty - CxA, -ry + j, 0, j) 



j=j=o 



a^yi^a xy) 



1 + 



y ( r/Sxcr xy + CxA 
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A\ A 

2 + 



- ^^ff I 1 + ^ ] - ^^Tr+ <! xcr^xo-"^ ( /tr/p, xa^x] + Cxa"^ ) a" 



Ar]zx~ 
■=:2 



A 



1 + - + - K^X 



2;s 



A 



where we wrote S = S(l) = 1 — ?7Tr(xcr xS). A is defined as 



A\ A 

2 + - el 



(6J 



A = yiji'L^a xy + CxA) 

^ 2ra"(/s:r7Tr+(Sx(T"^) - C), 



(6.9) 



In the second step, we restrict ourselves to the case that the null polarization vector 
of the spin-s current source is the same as the polarization of the outcoming spin-s' 
field. This is also the special case we considered in the computation of C(s, s; 0) in the 
previous sections. "— )■" here stands for identifying y = nX, with A = cr^A, A^A^ = (T~|; 
and we will extract the coefficient of k^*' in the end. Note that we can only make this 
substitution after taking the derivative on y, as in J^^'\y), and not in J^^. Now we 

shall compute the integral (I4.60p . for the n > component of J^^'\ It will be useful to 
consider a more general expression, 

/f)(5,2/;e)= / d'xdzz-''''^'j!C'\x,z;0,6\y) 



i2n)\{s - n)\s2-'-^ / d^xdz 



yS+s'-l+e 



.^^-±l±l{dya'dj)iydj] 



j=j=o 



x/(y-CxA,-y + j,0,J)+ (2s' + l 



dr + 2 



J(ry-CxA,-ry,0,0) 



-{2n)\{s - n)\s2-'-^ / d^xdz 



2s' + 1 + e Arjzx 

g2 _ ^2 ^2 



z 



s + n 

"+"'-^+^ A f 2s' + 1 S - 1 



r=l. 



(X2)2s+1^2 



s + n S"^ 



1 + 



A 



A 2/2 S-1 ^ \ f A 

! + - + -( \- t^Cx~ + A ) ( 2 



where e is not assumed to be an integer. Recall that 



(6.10) 



X = — -Axcr A, 

A = /t(Ax(j''A) 
2z 

S = 1 + r/— (AxCT^A - x^Aj^a^A). 
x^ 



[ Axa'A + ^AxjfA ) + C 



x^ 



(6.11) 
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We have then 



{2n)\{s - n)\s2-'-^ 



{s' + n)l 



d xdz- 



A 



s'+n 



(2s' + l)(s' + n+ 1 



s + n 



2s' + 1 + e Ar]zx 

g2 _ ^2 



s' + n + l + 2{s' + n){s' + n + 1) 



A 



■^2 



[s-n)\s2 



IS' — n \ 



d xdz- 



\ 2iS~|~ 1 



2z 

Axa"A(Ax(T"A + — Ax(?A) 



z \ \2n 



(Axa^A) 



1 



'=:s'+n+2 



X 



+ 



{2s' + l){s' + n + l)2z.^ 

— (Axa'^A - x^Ajfd'^A) 



s + n 
2s' + l + e 



x^ 



Azx~ [s' + n + l + 2{s' + n){s' + n + 1) 
s' — nx~ (Axcr^A — x'^X^a^X) 2n x' 



g2 _ ^2 



s' + nx'^ (Axo-^A)(Axo-^A + 4|Axj?A) s' + n Axa^A 



„2s-l+e 



d xdz- 



s2-'-^{s-n)\{s + n- 1)! 

Or 

X (Ax(7"A)^'+"(Ax(t"A + — Ax5^A)^'""(Ax(t"A - x'X^a'X) 



'^2\2s+U^2Y-s' 



2 \ \ \s-s'~l 



X^ 



. , , , Axa^A-,x2A{^a^A 2s' + l + e,^ 
X <^ -(2s' + 1) — + (Axa^A) 



x"^ 



s — n 



2s' + 1 - 



s' -n (AxfT^A - x^X^a'X) 



£2 (Axa^A + ||Ax(?A) 
(6.12)' 

The evaluation of In\S,y;e) is now straightforward using our integration formulae, 
and a tedious one. The result is 



li^'\S,y;e)=2 



-2-2s-3s'-2e 



,r(2s + e)r(s + s' + e)r(s + 



2 ' 



r(2s)r(s - s')r(s' + l + f ) {s' + n)\{s' - n)\ 
X r(s + r2) _ ^2^^ ^ ^^^2^/ + 1) + (3s' + n + 2)e] . 



r(s + n + 1 + e 

In particular, we have at e = 

2-2s-3s'-i^|(2s' + i)r(s + s')T{s + i) 



/f)(5,y;e = 0) 



(6.13) 



(6.14) 



s'!r(s - s') 

For the integral fl4.60p . we will need d^In \6, y; e) 
to write explicitly here. 

Let us now turn to I'l^J {S,y; e), with n > 0. We have the analogous formulae for 



{s' + n)\{s' -n)!' 
whose expression is too tedious 
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the generating function 



^ - ry, CAx) -r )\[r- ,xa-xE)J ) 



H^y, -^y, -CxA, 0) = — - exp 

_2 



-ry — CAxE) (r — TyExcr x)y 



= ^^exp 
1 

^^exp 
1 

= ^^exp 



—-y^x{r]a xy + (A) 



(6.15) 



„^ ^ ASx(/t?7(7 x+C)A 



— ^(2«:r;a:- + C)Tr+(Sxa-^) 



as well as its derivatives 

(a, + 2)7(Ty, -ry, -CxA, 0)U ^ 

and 

{dya'dj){ydj)I{ry, -ry + j, -CxA,j)|^^^ .^.^^ 



- 1 / A'\ A' 

1 + - e^, 



'='2 



(6.16) 



— {dya'd-j) yxa x{ty + j) 



exp 



1 / \ / 1 V^(^ x\ /(l-?7Sx(T x)y 

H(7) C^-) i-E -1 j id - ,x.-xE)j 



■^2 



dya^xa x.y — —dya^x{r]a xy + (X){yxa xEy) 



Arjzx 



+ 



, AX(T XEA \ a' Kf] ( , ^ , ^ , 

I 1 - K 77 I + ^ 1 4C2;a;"AxEA 



Arjzx 
'^2 



1 + 



/«(Ax(7 xEA) — 4x 
2K2,yx-Tr+(Ex(7-^) 



Axcr^(AC77[E, xcr x] + CSx)A j e° 
^ - II |4C^a;-Tr+(Ex(7-^) 



'A' 

+ 2x- ( — + 2 



2;2A' " — 1 ~ ' 
h (2k77x~ + C)^^ h 4K772;x"Tr+(Ex(7"^) 



Al 

e s 



4z?7x 
'^2 



A' 1 /A' 
1 + — + ^ — + 2 



2A' + {2K^r]x- + O^^^ - /«CTr+(Sx(T" 



e 3 



(6.17) 



Here we are writing A' = yYlx{r](T xy + ^A) K{2Kr]x + C)Tr+(Excr ^). 
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The integral I_n{S,y; e) can now be computed as (n > 0) 



'-2+e t(s') 



-{2ny.{s - n)\s2-'-' / d'xdz 



yS + s'-l 



j=j=o 



s — n 



T = l. 



Using the formulae fl6.16p and fl6.16p . we find 



I^2Xly\ e) = -{2n)\{s - n)\s2 



-s-l 



d xdz 



2s' + IS - 1 



s — n 



(6.18) 



A' 



2s' + 1 ^ eAr]zx' 

g2 _ ^2 ^^2 



A' 1 



1 + — + - {2K^r]x' + kQ 



2zri 



-fi:CTr+(Sxa-") + (^2 + ^ 

(2n)!(s - n)\s2-'~\s' + n + 1) 
(s' + n)\{s — n) 

2s' + 1 + e Arjzx 



d xdz- 



^ Ss^f" 1 I I— I 



(2s' + 1) 



1 + (s' + n) 



{2K^rix + kC) - '«CTr+ (Sxa" 



s + n 

[s-n- l)\s2-'-\s' + n + 1) 
(s' -n)! 

J /o / 1x^-1 2s' + l + e^ 

X < (2s' + 1) \ Azx 

7] s + n 



A' 



+ 2 



yS+s'-l+e 



d xdz- 



2s' + 1 + (s' + n 



Tr+(Sxa-" 



{2x' 



2zr7Tr+(Ex(j" 



1 



[s-n- l)!(s + n)!s2 



-s'-l 



d xdz- 



z 



2s-l+e 



{s - s' - l)\{s' - n)\{s' + ny. 

/ 2^ \ 

< {Xxa'Xy'-'' i Xxa'X + ^Axj^A j (A: 



^2\2s+ir^2\s~s'+l 



X {{2s' + l)- ^''^^^\ x^a'X) 



x' 



^a'X-x^X^a'Xy 
2s' + 1 

,.2 



s' + n 



Axo-^A - x'^XSa'^X Axcr^A + %Ax: 



(6.19) 

This is precisely the same analytic expression as In {S,y; e) derived earlier for n > 0, 
with n now replaced by — n. 

Now I^^'\6, A; e) is given by 



/(^')(5,A;e)= ^ /(^')(5,A;e) 



(6.20) 
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In particular, one can show that at integer values of e, I^^'\5, A; e) has the property 

/(^')(5,A;e) = 0, e= -2s' + l,-2s' + 2,--- ,-1,0. (6.21) 

This means that the first branch of the small z expansion of }C(^s'){x, z\y, X) fl4.52p . 
involving integers powers of z, starting at 0{z'^~'^') up to 0{z'^'^^), do not contribute 
to the integral with Therefore, only the term in /C(s/)(x, z\y^ A) will contribute, as 
claimed. We have 

e=0 

2~2-2s-3s' 5/2/ / I I IN 

= = ^4f_±iiiAi±^(A5^a^A)^+^' (6.22) 

s's'l ^ ' ■ 

Let us consider the boundary expectation value of the spin-s' component of B field, in 
the limit 5/\x\ — )■ 0, and for the special polarization vector e such that x = 0. The 
latter implies that A is an eigen-spinor of xcr^, with xcr^A = i\x\\. We then have 

^^y-'Btf\x^z\y = A) ^ -•^-' (,^+T)('^P'+i ^-'^^'^ = 

S'\ ^ 2^(f2)«'+152s+l- 

Taking into account the normalization factor from the z — )■ limit of the boundary-to- 
bulk propagator of B^'^^''^\x, z\y) with one source!^ we conclude that 

C^(0,.;/) = -^^^r(. + i). (6.24) 

Recall our earlier result 

C{s,s',Q) = -'^T{s + s' + \). (6.25) 

Let Os be the operator dual to the spin-s field in the boundary CFT, and denote by 
{OsOs)th.e two point function coefficient, after we strip off the polarization dependent 
factor O In the 6/\x\ — )■ limit, we have 

(Oo(o)a(5>ia'(^,^l) . '\ 



^^In the z — > limit and upon replacing yy ^ XX — a ^, the boundary-to-bulk propagator p.67p 
of -B'-^" '^•'(x, z\y) goes to 2'^* "^z* ^^-^^^t^ (assuming x is away from the origin). 

^^In our conventions, we define the polarization dependent factor to be Cs(e • a;)^^/(x^)^^+^, namely 
{Os{x,€)Os{0,€)) = {OsOs) ■ Cs (iafal+i ■ Here = 1 for s > 2 and Co = 2, see eq. (|CTJTt . 
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where g is the couphng constant of Vasihev theory. Under the identification Og — agJs, 
the three-point functions of Jg's completely agree with that of the free field theory 
computed in section 4.5, provided 



ao 



(6.27) 



Comparison with free field theory fixes the relation between the normalization factor 
ao and the coupling constant g in terms of N, 



1 16 



N 



ttVN 



(6.28) 



6.2 C(0,0;s), and a puzzle 

Now let us turn to the computation of the three-point function coefficient sewing two 
scalar sources into one outcoming spin-s field, C(0,0; s). Unlike all the computations 
we have explicitly so far, which involved only the contribution from J^{y), C(0,0;s) 
receives contribution from J'{y) alone. 

Recall that we have derived in section 4.1 the expression for y°'J'^^\y=o, which for a 
pair of scalar sources takes the form 



y J V 



Z 



y=0 2x'^X^ Jq 



y2s + l^y=Q 



+ {X -Ir^ X) 



Jb Jb J Q 



dtt{l - t) / d%d% e"«(|/SM)%e*(^+")^"-(^+'')^^ + {x^x) 



= [ dtt{l -t) I d^ud% e("-f)(''-2')+""(yEiZ)iZ^e*"^"-''^^ + {x ^ x). 

X X Jq J 

(6.29) 

where in the second line, we used the fact that s is even. The integration over v can 
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be performed as 



l(s) 

al3 



y=0 X^X 



X d ud f exp 



- f dtt{l-t) 



j=0 
y{u-v)+ju 







det(l -tSS) 



j=0 



exp 



1 (y 





det(l - tSS) 



exp 



j=0 

-tS)y)^exp 



det(l - tSS) 



+ (x ^ x) 



X ^ X 



(S-I)!x2x2 7o fi(t)^+2 

In the above, we have defined 



n{t) 

((S + S)|/),(|/SS|/)'. 



+ (x ^ x) 



n{t) = det(l - tSE) = (1 - t)^ + 4t 



(6.30) 



(6.31) 



Here we have used x = x — 5, 5^ = 1. In the last fine of fl6.30p . we have restrict to the 
(9(l/2*+^), which contribute to the outcoming spin-s components of the B field. Also 
recall that 



al3 



0, 



and that J^^^ (y) is given by 



s + 2 



Let us now consider the generalized integral of fl4.60p . 
lX5,y;e) = j d^xdz z'-~^+'J^'\x, z;0,5\y) 

d^xdz z'-'^^'dyo^ji^'^ (x, z-^,b\y)y 



(6.32) 



(6.33) 



2s + 1 + e 



2s + 1 + e 

2(^-1)! 

2s + 1 + e 
~2(s-l)! 



d xdz- 



/p2 



dya\Y. + S)y (ySSy)^ / 



fi(t) 



s+2 



(i xdz 



3/ ^ ^ 



dt 



7](t) 



s+2 



X 



Tr or^(S + S) {ytllyY + s h/(S + t)a'\% S]y (ySSy) 



(6.34) 
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We will make use of the formulae 



Tr((T^(S + S)) = 4 1 



and 



11 2z Az'^ 



(6.35) 



2z^ ~ ~ 

ySa^p, Y.\y = 4(1 - — )ySSy - 2y(S - - ^ySa^y, 

2^2 ^ ^ 4^2 ^ 

= 4(1 - —)yJ:Ey - 2y(S - + —.yEa'y, 



x" 



x^x"^' 



(6.36) 



z^ z^ 



y{E + S)a^[S, J:]y = 8(1 - - - ^)l/SS|/ - 4(1 - 3^)y(S - S)a^y. 



The integral over t in the last line of f l6.34p can formally be expanded in powers of z as 



1 , t^(l -t)2 



s+2 



n=0 



^" + + 5(. + n + 1, -2s - 2n - 1) f ^ ' " 



oZ^ . )B{s + n + l,s + n + l) 



n=0 



9 / 7 



where we have performed analytic interpolation in s. We may now write 



(6.37) 



Is{5, y\ e) = ^^^^ + ^ + 5(5 + n + 1, s + n + 1)4M„(5, e), (6.38) 



4(s- 1)! 



n=0 



n 



with A„ given by the integral 



^n(5,?/;e) 



d xdz- 



z 



s+2n-l+e 



a;2)n+icp)n+i 



IV ( a^(S + S)j (ySSi/)^ 



+s (y{i: + t)a^[t,T]y]{ytT.yy-' 



(6.39) 



Using our integration formulae, we find that y4„(5, y; e = 0) = 0, and 



d,An{6,y]e) 



2'-^Ti\s + l)V{s + \)V{n+\) 



e=o s{s + n)V{s + n + 2) 

After performing the sum over n, we have 

Is{5,y) = dJsi6,y;e) 



2-3^7r2r(s + 



e=0 
3N 



(6.40) 



(6.41) 
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Finally, we arrive at the boundary expectation value of in the limit where the two 
scalar sources coUide, 5/\x\ — >■ 0, 



7r^r(s + |; 



2{5-x){e-x)-x^{5-e) 



(6.42) 



This is however a different expression from with our previous result on C(0, s'; s), for 
s' > s. In particular, it is not consistent with the three-point function interpretation 
when the normalization leg factors are taken into account, as opposed to our results 
on C(si,S2;0) and C{0,si;s2) (si > S2) which are consistent. We believe that this is 
because the computation of C(0,0;s) is singular, and one may need to examine the 
more general C{si,S2;s) case for si ^ S2 and take the limit Si^2 — > in the end to 
recover the regularized answer. This subtlety was already seen in the computation of 
C(s, s; 0) earlier. We hope to return to this issue in future works. 



6.3 C(0, 0; s) in the A = 2 case 



In this subsection, we consider the three-point function coefficient for a spin-s out- 
coming field with two scalar sources with A = 2 boundary conditions. Using the 
boundary-to-bulk propagator for the A = 2 scalar, we can compute J'^^^ as 



X y' 



2(^2)2(^2)2 



TityEy ^-T2y^y 



dtt{l -t){l + dr,\r,=l){l + dr,\r2 = l) 
+ {X -fr^ X) 



2(a;2)2(x2)2 
+ {x x) 



y2s + l^y = Q 



dt (1 - i)(l + tdt)t-\l + tdt)t' {Ey)^y^e'^-% e 



-y^y 



2(x2)2(x2)2 



+ {x ■H' x) 



(6.43) 

where in the last step we have integrated by part in t, and picked up only the boundary 
term at t = 1. Using the results from the previous subsection, we see that the two 
terms in the last line, related by exchanging x and x, in fact cancel. Therefore, the 
contribution from J' to C^^'^{0,0; s) vanishes identically. This is of course not the 
case in the critical 0{N) model, at leading order in the 1/N expansion. For instance, 
the s = 2 case gives the three point function of the stress-energy tensor with the 
scalar operator, which is nonzero. Just like in the previous subsection, we suspect that 
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our result C^=2(0, 0; s) = is due to a singular behavior of Vasiliev theory when the 
two sources are both scalars, and should be regularized in some way that we do not 
understand. 

7 Discussion 

We have computed the three-point functions of Vasiliev theory that involve one scalar 
operator and two currents of general spins, with the A = 1 boundary condition for the 
bulk scalar field, and found complete agreement with the free 0{N) vector theory. To 
be precise, what we have computed is C{s, s'; 0) with s ^ s', and C(0, s; s') in the case 
s > s'. The results can be extrapolated to s = s' by a formal analytic continuation in 
the spins. The coefficient C(0, s; s') with s < s' will presumably give the same answer, 
although it involves a qualitatively different computation (contribution from J' rather 
than J^), which we have not performed in this paper. 

In the case of A = 2 boundary condition on the bulk scalar field, we have computed 
C(s,s';0). On the critical 0{N) vector model side, we considered the corresponding 
three-point function, with the simplification that we integrate out the position of the 
scalar operator. This is sufficient for extracting the coefficient of the three-point func- 
tion. We needed to extract the higher spin primary currents from the SS OPE by 
analyzing the operator mixing at leading order in After doing so, the result from 
the critical 0{N) vector model precisely agrees with that of Vasiliev theory with A = 2 
boundary condition. 

In conclusion, we have found highly nontrivial agreement of the tree level three- 
point functions of Vasiliev theory with free and critical 0{N) vector model, at leading 
order in their expansion. We have also been able to identify the relation between 
the coupling constant of Vasiliev theory and N of the dual CFT. 

Our computation of tree level three-point functions is not yet complete, as we 
have not treated the most general case C{si, S2; s^). This case requires a lengthier 
calculation, which is left to future work. We expect the general answer for si 7^ S2 to 
provide a way to regularize the case Si = S2, when the computation in Vasiliev theory 
appears to be singular. 

Let us emphasize that we only expect this duality to hold in the 0(A^)-singlet sector 
of the dual CFT, for either A = 1 or A = 2 boundary conditions. In other words, 
the 0{N) symmetry of the boundary theory is gauged (with zero gauge coupling). An 
interesting generalization is to couple the 0{N) symmetry to a Chern-Simons gauge 
field at level k, and fine tune the mass terms so that we obtain a family of CFTs 
parameterized by and k (see [52j for discussions on supersymmetric versions of such 
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theories). The duahty discussed in this paper would be obtained in the A; — t- oo hmit. 
Vasihev's minimal higher spin gauge theory in AdS4 should then be a degenerate limit 
of a more general dual bulk theory. 

As pointed out in [35] and in the introduction, however, Vasiliev's minimal higher 
spin gauge theory is subject to an ambiguity in its quartic and higher order interactions. 
These are encoded in the function /(\E') = 1 + ^E' + ic\E' * ^ * ^ + ■ ■ ■ , as in f l2.6p . 
Demanding that Vasiliev theory is dual to the free 0{N) vector theory should determine 
/(\E') entirely. This requires analyzing higher point correlation functions. We have so 
far been considering only the classical theory. In general, one may expect a nonlocal 
field theory, such as Vasiliev theory which has arbitrarily high order derivatives at each 
given order in the fields, to have poor UV behavior. However, on the other hand, the 
structure of Vasiliev theory appears to be highly constrained by the higher spin gauge 
symmetry. While we do not have a proof, it is conceivable that the loop corrections in 
Vasiliev theory can only modify the function /(^'). The conjecture that one of such 
/(\E') leads to a holography dual of the free 0{N) theory is remarkable in that, it 
implies that such a nonlocal gauge theory in AdS4 is UV complete and make sense as 
a full quantum theory of interacting higher spin gauge fields. 

As shown in [27], once it is demonstrated that the three-point functions of the 
higher spin currents have the same structure as in the free field theory, the n-point 
functions are determined up to finitely many constants at given n. More concretely, 
the n-point function takes the form 

{Js,{Xl) ■ ■ ■ Js^Xn)) = A^Gfr ee,c?/dic(3^(T(l) ) ' ' ' ?3^(T(ri))) ^'J 

cr&Sn 

where G free,cyciic{xi, ■ ■ ■ , Xn) is the term in the correlation function of the corresponding 
currents in the free field theory, with the scalar fields (p iii the n currents contracted 
in a cyclic order. Arj are undetermined constants. Working at tree level, one can in 
principle calculate A„ in the boundary CFT of the Vasiliev theory with higher order 
interactions specified by the function /(^E^). By comparing this with the free field theory 
correlators, it should be possible to fix /(\E') in the bulk theory dual to the free 0{N) 
vector theory, to leading nontrivial order in 

Another important aspect is the duality with the critical 0{N) model. The lat- 
ter does not have exact higher spin symmetry at higher order in its expansion, 
and hence the bulk dual should not have exact higher spin gauge symmetry either. 
Classically, there is no known AdS^ solution of Vasiliev theory in which the scalar field 
acquires a vacuum expectation value and spontaneously break the high spin gauge sym- 
metries. However, it has been suggested [l3l HI] that the loop corrections in Vasiliev 
theory will generate an effective action, such that the bulk scalar field may condense 
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in a new AdS^ vacuum, breaking all of the higher spin gauge symmetries. It is clearly 
essential to understand this mechanism in detail. We hope to report on it in future 
works. 
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A Consistency of the correlation function compu- 
tation: B versus W 

Our approach to computing the three point function coefficient C{s, s; s') is by solving 
the boundary expectation value of the master B = B\z=z=q at the second order, using 
the equation DqB = —W * B + B * niW). At the linearized level, the spin-s gauge 
field is contained in both B and Q = W\z=z=o (for s > 0). Their relation has been 
described in the previous section. In computing the correlation function, we could 
a priori extract the answer from either i? or at the second order. As long as the 
sources (RHS of the perturbative equations f l2.15p ) are localized in the bulk, we expect 
the linearized relations among B, S and W still hold near the boundary at nonlinear 
orders. However, Vasiliev theory is highly nonlocal, and it is a priori not at all obvious 
that the sources in f l2.15p are localized away from the boundary in the appropriate 
sense. In this appendix we will argue that this is indeed the case, by examining the 
equations in some more detail. 
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The equations of motion for the second order master fields are 



= _{5(i),iy(i)},-Do5(2\ 

To begin, recall the relations among the fields at linear order 

^(1) = -z^dz"" [ dttB^^\-tz,y)K{t) + C.C., 
Jo 

iy'(i) = z- [\t[Wo,Si%l^^^ + c.c. 
Jo 

The z-dependent part of i?^^) is solved from the second equation of (lA.ip . 

^'(2) = -z" f dt [5(1) * 5(1) - 5(1) * 7r(5(i 
Jo 



(A.l) 



(A.2) 



+ c.c. 



(A.3) 



As before we will use the notation 5(^) = B^'^'^\z=z=o- We now solve the third equation 
of (lA.ip . and find 

5(2) = dz^ [z^ f dtt (-5^^) * 5(1)^ - ^(2) * K 



+ -z" I dt 

z^tz 2 



5(1), 5l^) 



z~^tz 



+ c.c. 



(A.4) 

The z-independent part of 5(2) is gauged away, as before. Now using the fourth equation 
of flA.ip . we can solve for the i-dependent of W'^'^\ 



rft I - [5(1), (1)] ^ + Do du u (-5j') * 5(1)^ - i3(2) * k) 



/ du 



q(i) c{i) 



+ C.C. 



+ 



.-y^ rft|[5^),i^(i)]^ + ^ 

9?/ 



du 



5(1) 5(1)*^ 



d«n(5«*5(i)^ + i3(2)*ir 



+ c.c. 



(A.5) 
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We will shortly need the expressions for Wa and Wa restrict to z — z — 0, 



dWr 



dy 



dWo 

*\z=z=o 2 [ dy^ ' 



'c(i) c{i)$ 



2=5=0 



z=z=0 



* \z=z=0 



dWo 



dy 



2=Z=0 



2/->0,2->~j/,z=0 



2=2=0 



y-¥0,z^-ty,z=0 



dW( 



dy 



(A.6) 

In the end, we would like to consider the equation that relates Q^^) to S^^) as in the 
linearized relation, plus additional source terms that are expressed in terms of first 
order fields, 

I 2 = 2=0 



2=2=0 



+ I 



-,w 



A(2) + le"^ 
2 



9^0 



,B^'\0,y) 



2=2=0 

(9W 



(A.7) 

where A^^^ represents the "corrections" to the linearized relation between il^^^ and B^'^\ 
As shown in the previous subsection, the three-point functions C{s, s; s') are extracted 
using the spin-s' component of the boundary expectation value of -B*-^^|.g=o- The latter 
scales like z^'^^ as the boundary coordinate z goes to zero (z is not to be confused with 
z which is the noncommutative variable in the master fields). We could alternatively 
extract the three-point functions using which scales like z^ near the boundary. 
They would be consistent only if A^^^ vanishes at this order in so that the linearized 
relation still holds between Q^^^ and S^^^ near the boundary. 

To illustrate this, let us examine A^^^ explicitly in the case s — s — 0, i.e. in 
computing the three-point function C(0, 0;s'). Given any function f{y,y), we may 
write 

'dWo 



dy°' 
dWo 



f 



^'^^^^^ ^ ^^^^^ ~ 

[d^{dy + a^dy) - dzdy]^f. 



(A.8) 
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In the (0, 0; s) case, where both sources are scalars, the hnearized fields have boundary- 
to-bulk propagators 

= ly'(i) = ^ f dtt{l - t){zd^{J: - cr^)z)e*'(^+^5) + c.c. 

for the field sourced at x = 0, and similarly for the other source ai x = 6, given by the 
same expression with x replaced by x = a; — 5, and S = o"^ — ||x by S etc. Note that 
the scalar does not enter In the z — )■ limit, the spin-s' component of B^'^\y,0) 

scales like z^'^^ to leading order in z. Correspondingly, from section 3.3, are of 
order z'^' , whereas Dq^I^'^^ is of order z'^'~^. We are thus asking if there are terms in 
A*^^) of order z^'~^y'^'~^~^^y^'~^~^, |^| < s — 1. 

Let us consider one of the terms in A*^^\ of the form 
coming from Wa. Using the second line of ( ]A.9I) . we have 



\z=z=0 



KK dt ditt {z^e^'^y^^y'^) * (^^"e*^(^+^^)) 



z=z=0 
_ -1 

-KK I dt I diti I rf^rf^fe^+^Cwf )e*"(^+^(5+^))e-*^(^+^(5+^)) 



(A. 10) 



where we used the integral representation of the star product. After performing the 
Gaussian integration over u and v, we find 



"1 /-i _ _ exp 
~KK I dt / dtttdr\r=i 



dct(r-«ES) 



(l/-yS)(r-ttSS)(|/ + Sy) 



z=z=o Jq Jq det(r — ttSS) 

{l^IiAm [-tiyt^y - rytEy + {T + ti)y{^ - t)y] } 



dt / dtttdJT=i 



x^x^ Jo Jo det(r - ttSS) 

2 ri ri exp \-7^ [tiy^(^"y + ry^a'y + (r + tt)y^y\ \ 

' dt / dtttdJr=r ^ ^ ' ^ 



x'x'Jo Jo ' {r-tiy 

+ higher order in z. 

(A.ll) 

where det(r — ttSS) is understood to be the determinant of a 2 x 2 matrix. We have 
defined 

A = 4- 4- (A.12) 

Note that x and x'^ contain z by definition, although they do not matter in the last line 
of flA.lip . There are potentially divergences from the t and t integral near t = t = 1. 
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Such divergences, if present, will be regularized using Gamma function regularization, 
as discussed in section 6. 



Now extracting the spin-s' components of < daW, 



^ '-'z=z=0 



we need 



the y^'+'^y^' " components of flA.lip . By expanding the exponential in the last line 
of ( lA.llj) . we see that such terms in S" * S^l^^i^g of order z^*'"*"^, for x away from 



and 5. Therefore to leading order in z, < daW, 



2 = 2 = 



scales like 



'l+n 



ys' 1 Qj^g power of z higher than the terms in Dq^I^'^^ and hence do not 



z y 

affect the computation of the three-point function. 



Similarly, the other terms in A^^^ do not contribute at order 
either. We conclude that to the leading nontrivial order in z, the linearized relation 
between f2 and B holds for the second order fields il^'^^ and B^"^^ near the boundary, 
therefore one would get the same answer for the three-point function from the boundary 
expectation value of either field. In practice, it is simpler to consider B^'^\ as we 
analyzed in the section 4.2. 



B An integration formula 

In this section, we give some formulae for Feynman type integrals that we encounter 
repeatedly in the computation of the three-point functions. These are integrals over x 
and z that arise in fl4.59p and (14.601) . 

In the following we use the notation x = x ■ a, as opposed to x = x'^a^. We will 
also write ^ = 6 ■ a. 5 is a unit vector, with its norm factored out. We will need the 
integral 

f z'' 
I{k,m,n,a,b) = j d'xdzj-^y^^^{yiia'yny^. 



,k 



J {x^ + z^)^{{x - 6y + z^)-^ 
= ll'','t!^\ [ duu'^-^l-uy-' f d^xdz . {yica^yTiy^^yf 

= l}hTT^ I duu'^-Hl-uT-^ I d^xdz— — ^^(y(it + uS)a'yr(yM' 

T{n)T{m) Jo ^ ' J [x^ + z^ + u{l - u)Y+'^^^^ ^' ^>^^^^> 

(B.l) 

Here a and h are assumed to be positive integers. We will need to apply it to the case 
where /c is a non-integer, in order to extract the integral with a log(2;) factor in the 
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integrand. We observe that 



Therefore 



^ ' ' ' ' ^ r(n)r(m) io y (f2 + z2 + M(l-M))"+"^ 

(B.3) 

It remains to compute 

/ ^''^^ \^+^,2^iY ^y^^yy = J{k,n,a){y§a^yr (B.4) 
where J(fc, ra, a) is a numerical factor. It vanishes for odd a; for even a, using 

(x^ + -2"^ + l)" 21 (n) 

we have 

(-)t -W¥)r(..-^-2) , ,3.6) 

21 (n) 

Plugging these back in fIB.Sp . we arrive at 



r(n + m) 



V{n)V{m) Jo 



I{k,m,n,a,b) = -^ElS E'-'^Q fe^'"'!') 



(f2 + ^2 

,j,r(n + m), „ , k + b k + b. 

)' ; \ {y^a^yr+'B{2 -n + a + 2 - m + ^ 

1 (n)i [mj 2 2 

b 

X V {''AJ(k + b-i,n + m, 



vr^i?(2 - n + g + ^, 2 - m + ^)r(m + n - ^ - 2) 

^"^ ^- 2^+ir( V + i)r(m)r(n) ^^^"^ 

Jik,m,n,a,b){y^a'yr+''. 

(B.7) 
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